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E gi I.0. Introduction

%ﬁg: I.0.1. This is the first chapter of the first part of an extended

; . work dedicated to the presentation of the author's original results, as
Eiﬁ yet unpublished, except [14], concerning the concept of information in
:}} ) its most general aspects.

This work is the development of the ideas presented by the author in
his talk [15] at the Sixth International Symposium on Multivariate
Analysis, July 25-29, 1983, organized by the Center for Multivariate
Analysis, University of Pittsburgh. It was partially sponsored by the
Center and the author expresses his sincere appreciation for this to

Professor P. R. Krishnaiah and Professor C. R. Rao.

Basically, this work can be regarded as a development and continuation

:}? of the work done in this direction by A. N. Kolmogorov, I. M. Gelfand,
gt

SR

’:;; A. M. Yaglom, R. L. Dobrushin, M. S. Pinsker, G. Kallianpur, between
-

1956-1960 as well as a continuation of the author's work between

.t-,.r
[

1956-1982.
N
' I.0.2. This chapter has an introductory character, covering some of
ha
:) the necessary preliminaries for the following chapters. It is divided
W . .
: % in four subchapters. The first subchapter discusses the problems con-
’_}
;\{ nected with the definition of the concept of relative entropy and the

i 8
second some elementary propérties of this concept; the third presents

»
- 10

some additivity theorems while the fourth presents a generalization of

2.
o
oA

]

P R

‘

this concept.

Ay 8 ‘..l'r_A‘..n' g)

s

At variance with the following chapters, this chapter is presenting a

number of results obtained by other authors. Because these results are

spread in various publications, some difficult to find, in various

languages, and a reference book does not exist, they are presented here.
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s
:
%;: It is to remark that some of the original proofs of those results are
1
1
27 exceedingly difficult to follow, some representing only indications how
)
i the proofs should go, some are complicated without any reason, some
e
".‘l
?Q, contain non-necessary restrictions. Some results are given completely
[) ~
“" without any proof.
TANY .
:r\ For all those reasons the author is presenting here complete straight-
:‘s forward proofs for all the results discussed; sometimes the results
s
£
4 : are presented with better proofs, sometime with new proofs, sometime
850
the results themselves are bettered. The comments at the enc of the
ol
‘\;ﬁ chapter will indicate the author's part in the proof or in bettering
hod!
tl} the proof if it is the case.
o The third and fourth subchapters contain mainly results belonginz to
K
: 4 the author, some presented without proofs in [12], [13], or completely
8
g new ones.
'.'.
aRe
1.0.3. Harold Jeffreys , professor of astronomy at the University
:‘ .‘l~ ’ h ——
{tx of Cambridge, England, introduced in literature the concept of relative
1A
E{f entropy. In a paper [5] presented for publication in 1974 he defines
s /
‘:)1 the quantity which in our notation is
> ’ o i e
2 Ly s LT el s ;s 7 .
g 5 h(E:n) + h(n:E)
A% Y
) {
k) %8 a measure of discrepancy between the probability distributions of
- ¥ & e
.L3 the random variables &,n. F{g\the second edition of his '"Theory of
>
i\‘: probability" [6], he continues to discuss the properties and uses of
(M
"&: this quantity. It is to remark that he did not name in any way this 1
e concept.
e
T Beginning in 1951, S. Kullback started a sustained research effort,

g

together with various associates, to solve a series of statistical

>

problems with the help of this concept. [9](10]
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Claude Shannon introduced in 1948 the concept of entropy of a random
variable and the concept of the quantity of information contained in
one random variable about another one, as basic concepts of information
theory [16], [17].
It is easy to recognize that the concept of relative entropy and the
concept of quantity of information can be obtained as particular cases
of the concept of relative entropy.
From these inter-relations, Jeffrey's concept took its name but

Jeffrey's name was forgotten inbetween.

I.1. The definition of relative entropy.

I.1.1. Let £, n be two random vectors, with the same values Xy and

let
PE(xi) = P(E= xi), Pn(xi) = P(n = xi) (1L <1ign). (1.1.1.1)
The relative entropy of £ with respect to n, or of PE with respect to
Pn, is given by the expression
n Pg(xi)
: = h : = Jd.1.
h(¢ : n) (2, : P) izlPE(xi)logﬁgz;;Y (1.1.1.2)

where for a = 0 we consider Ologg = 0,

I.1.2. Let now (2, I, P) be a probability space, where @ is a set of

elements w,l a a- algebra of subsets of Q, P a probability measure on I.
We consider two random vectors £, n, defined on this probability

space, with values in the measure space (X, S,4 ), where X is a set of

elements x, S a 0 - algebra of subsets of X, a measure on S. Let

PE(T) = P{lw; £(w) ¢ T}, Pn(T) = P{w; n(w) e T}, Te S
(1.1.2.1)

be their probability measures.
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let Z = {Zs} be an S-measurable partition of X, i.e. a finite
family of S-measurable non-overlapping sets Zs’ the union of which is X.
Let us denote by U the set of all S-measurable partitions Z of X,
For any given random vectors £,n and for any S measurable partition

Z of X, we define two finite valued random vectors £ both with

z> "z*
the same values S =1, 2, ..., k, where k is the number of elements in
the partition Z, and such that

Ez(s) = PE(ZS)’ Pnz(s) = Pn(Zs) (1.1.2.2)

By (1.1.1.1), the relative entropy of EZ with respect to n, is

k
Pg(zs)
h(g, : ny) = h(p, : P =7 P, (25)1og (I.1.2.3)
z nz e=1 & P (2)
n 8
I.1.3. Lemma I.1l.
Let Pi’ Qi >0(lg<ign) and
n
P= JP,Q= Z Q (1.1.3.1)
i=1 i=1
Then
Py
Plogt < 2 P logs- (1.1.3.2)
Q Qi
with equality iff
Pi = Qi (1¢<1i<n) (r.1.3.3)

Proof:

Let : ¢(t) be a real valued continuous convex function, defined on

the real line; > 0, t (1 < 1 ¢ n) arbitrary real numbers. By

%1
Jensen's inequality

n n
$( ) a,t,) < a,9(t,) (I.1.3.4)
121 i1 izl i i

where equality takes place iff
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P = = =
. b =ty = oo =t (1.1.3.5)
Rl

< Taking in (I.1.3.4)

2 Q Py
: $(t) = tlogt, o, = g ti =5 (L<ig<n) (1.1.3.6)
%s we obtain (I.1.3.2), and from (I.1.3.5) we obtain (I.1.3.3).

Il

_{; I.1.4. Let 2, Z' ¢ U. We say that Z' is a subpartition of Z if

v each element of Z can be represented as the union of some elements of
b »

‘*«: Z'. The set U is partial ordered by this relation, which we denote by
_28 Z' < Z. 1Indeed

‘.h.

a) 2'<«Z and Z < Z' imply that Z, Z' are identical.

B

o bB) Z''< Z' and 2' < Z imply that Z'' < Z.

B %

'

YO8 c) For any 2', 2'' ¢ U it exists an element Z £ U such that

)

K

PY z2<2',2<2'".

.~ .

: Indeed 1f 2' = {z},}, 2'" = {z}},}, e may take Z = {Z_, _,,} with
L

e,

.::‘ ZS',S" = Z;ln Z;;v .

Xe I.1.5. Lemma I.2

S

N I1f Z, 2' € U and 2' < Z, then

w -v

W h(E, : n,) < h(E,, & nyy) (1.1.5.1)
9,

~ Proof: Suppose Z consists of elements Z € § (1 <s ¢£n) and Z' consists
39 of elements Z!, € S (1 s s' <n') (n <n").

-

\‘1 Let

®

e Z = k_) z', (1L <s<n) (1.1.5.2)
L 8 Y s

v s'elL

1 s

1:: where Lg is some subset of 1, 2, ..., n', so that L, Lt are not over-
b lapping if s # t, and the union of all L is (1, 2, ..., n'). Then
g

e '

P(z)= VY P (2'),P(z)= ] P(2') (I.1.5.3)
e & s'eL_ ° S nos s'eL_ ' S
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From Lemma I.l1 it follows that

LR (zl))
Pg(z;v) s'el s
) P (2] ))log=——2 | ] P.(z!,)|1log S
s'eL P (Zg0)  |s'eL S P (2!))
S S'EL n S
S
P (zs)
= Pp(Z )log (1 £s<n) (I.1.5.4)
S
P, (2)
so that
n P (Z',) n b3 (Z )
) pg(z;')log_é_—f—— 2 ] P (2)log——2 (1.1.5.5)
s=1 s'eL P (z',) s=1° % P (z)
S n S n S
or
n' P.(2',) n P_(2))
) PE(Z;.)logE‘—-—S—'— 2 ) P,(2)log2—2 (1.1.5.6)
s'=1 P_(2',) s=1 P_(Z)
n s n s
i.e. (I.1.5.1)
Definition I.l. The quantity
h(§ : n) = sup h(é,'z : nz) (1.1.5.7)

ZeU

is the relative entropy of £ with respect to n, or of PE with respect

to P .
—-—n
Theorem I.l. For arbitrary random vectors &, n

h(§ : n) 20 (I.1.5.8)

with equality iff

= .e. I.1.5.9
Py Pn(a e.) ( )
Proof. If £, n are finite valued, let us consider the result in Lemma I.l.
with P, = Pg(xi), Q = Pn(xi)’ P=Q=1, So from (I.1.3.2) it follows
I1.1.5.8 and from (I.1.3.3) it follows Pg(xi) = Pn(xi) (1 <4is<n0).

From Definition I.1. follows the result in (I.1.5.8), (I.1.5.9) in

general.




7
I.1.6. In what follows, we will need the following result, in which

we denote

EAE= (E - Eo)k_)(Eo - E),

Lemma I.3.

a) If AK (1 <k < 1) is a sequence of g-finite measures on an algebra L

which generates the c-algebra S, then for any set E ¢ S for which

kk(E) <o (1 £k ¢ r) and for any positive number € >0 there exists a

set EO € L such that

Ak(E A Eo) < € (1.i k < r). (I.1.6.1)

(1

b) Moreover, if E (1 £ j < m) are non-overlapping sets belonging

to S, then

@ Oy gld)
n CUE) 2 cuggdh)< me, sk e (1.1.6.2)
§=1 371

Proof. We prove first the above lemma in the case r = 1, and we
denote Al = X. The proof of this case is performed in two steps.
The first part of this proof repeats that of Theorem D pp. 56 in

[4]. We reproduce it here for the necessity to use the intermediary

results for the second part of our proof. Because E ¢ §, it follows

AGE) = inf{ Ju(E); EC UE;, E, e Ly 1=1,2, ...} (I.1.6.3)
1=1 1=1 ‘

so that it follows that there exists a sequence {Ei} of sets in L such

that

EC UE, (I.1.6.4)
=1

and

AMUE) < A(E) + € (I1.1.6.5)
i=1

2

Y
.

4 &4
A )
* : v

ot

o




Since
n L= -]
lim A( (JE,) = A( UE,) (1.1.6.6)
ey =1 i i=1 i

there exists a positive integer N such that for any n > N, considering

the set
n
E,= (JUE (r.1.6.7)
0 =1 i
it follows that
€
x( UEi) < A(Eo) + 3 (1.1.6.8)
i=1
Obviously
EO e L. (I1.1.6.9)
Because

(- -] - -] e
A(E - EO) < (iglgi - 1-:0) = x(iL=)1Ei) - ;\(EO) <5 (1.1.6.10)

n -]
)\(EO-E) sx(UEi-E) ‘A((_JEi-E)
i=1 e=1

AMUE) - AE) < % ' (1.1.6.11)
1=1 :

it follows that

AME 8 Eg) = A(E - Ej) + M(E, - E) < E+E=¢ (1.1.6.12)

2

Nym

i.e. (1.1.6.1)

The second part of the proof uses these results. 1Indeed, let us

(1) eL(lcj<cm). Then from (I.1.6.7),
(3)

consider m non-overlapping sets E
(I.1.6.8) it is possible to find for each E a sequence {EiJ)} of
sets in L such that

e3P yeP (1.1.6.4")
g=1 &

. LY - - -, . . o« -
....... LRI el
e e e yoete oy

A RN LT TR S : .
N R T NN WY VP P IR PP/
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9
and
x(uaf) < 1Py 4 +3 (I.1.6.5")
i=1
and obviously, because E(J)r\ E(k) = ¢(j # k), we can find sets Eij) so
that
k
Eéj)05§)=¢(ja‘k);e,r=l,2, 3 i, k=1,2, ..., m.
(I.1.6.13)
But from (I.1.6.6) it follows
(i) (i . '
lim A(LJ E ) = A(kJ E;°7Y (1 <j<m (I.1.6.6")
i=1
and so it exists a positive integer Nj such that denoting
n .
E(()j) - e (1.1.6.7")
1=1 *
for any n > Nj’ then
X(UEj(_J)) A+ acscw (I.1.6.8")
i=]
Let
N = max Nj (1.1.6.14)
l<jem
From (I.1.6.7') it follows
m . n m .
U E(()J) -U U Eij) (I1.1.6.15)
j=1 i=1 j=1
From (I.1.6.5') it follows that
) ) € te
Zx(uz ) < ZA(E ) + ms (I.1.6.5"'")
j=1 i=1 j=1
and from (I.1.6.13) this inequality can be written as
(J) ( ey
x(u ul-: )gx(uE )+m2 (I1.1.6.5""")
i=l j=1 j=1
From (I.1.6.8') it follows that
m © . m : -
y )\(UEE_J)) ) A(ESJ)) +3 (1.1.6.8"")
=1 i=l j=1

..........
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and from (I.1.6.13) this inequality can be written as

vU U 2O +a

i=1 j=1 j=1 2

Obviously,

U E(J)
j'l
From (I.1.6.8''') it follows that

m ® m .
3=1 j 2 O 1=1 j=1 =l

(1.1.6.8'")

(1.1.6.16)

- A(LJ LJE(j)) A(L)E(j)) < us

{=1 j=1 §=1

From (I.1.6.5'''") it follows that

® m m . @ m

i=1 j=1 i=1 i=1 j=1 j=1

From (1.1.6.17), (1.1.6.18) it follows that

i=1 g=1 0

(1.1.6.17)

N

(1.1.6.18)

(I.1.6.19)

so that our lemma is proved for r = 1. In order to prove it for r > 1,

let us consider in the above results
r
L.
K=1
From
A(E) < A (E)

it follows the general result stated in the Lemma I.3.

I1.1.7. Lemma I.4.

Let ¥ be some finite measure on (X, S) and A, B ¢ S.

(1.1.6.20)

(1.1.6.21)

Then
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) luca) - u(e)| <uias B (I.1.7.1)
A4

%}3 Proof. Because

4
F u(A) = u(AMNB) + u{A - B)

84

S u(B) = u(AM B) +u(d - 4)

s

N it follows that

.-‘-‘-

R H(A) - u(B) =u(A -B) -u(B - A)

L

bl so that

o

L M(a) - uB)| = [u(a - B) - u(B - &)

bR <H(A-B) +u(B -A) =u(Ad B)

F;: We say that an algebra L of S measurable sets generates the g-algebra
’} So if S is the smallest o-algebra such that LCs.

e

. Theorem I.2.

.‘:». Let:

.}_j

}ﬁ. a) L be an algebra of S-measurable sets, which generates S;

b) R be a family of S-measurable partitioms of X.

:*) If any partition consisting of sets from L has a subpartition belonging
3 to R, then

SO

h(§ : n) = sup h(Ez : nz) _ (I..l.7.2)

:) _ ZeR

v Proof. Let ULC U be the totality of partitions Z of X, whose elements
Lo ——

T:;:: belong to the algebra L of S-measurable sets, and let

2%

AN (8 : n) =sup h(E, :n,) (1.1.7.3)
?': hy zeU, z 'z

o

5
-

-4

where h(&;z : nz) is given by (I.1.2.3). With this notationm,

hg(§ : n) = B(E :m) (1.1.7.4)

N _
. Similarly, let .
)
2 (E :n) = sup h(E, : n) O (1.1.7.5)
) e sup hlEz 1 g
3
B,
323
-
R

e

<
¢
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Let Z = {Zs} be a partition of X. From Lemma I.3, with Ay = PE'
Az = Pn it follows that for any € > 0 and for all ZS € S(1 <8 <n)

we can find non-overlapping sets Z e L such that

(0)s
P (Z_ 4 Z(O)s) < €, Pn(zs A Z(O)s) <e (l<s<nm) (1.1.7.6)
Let
) _
Z1 = Z(O)l e L (1.1.7.7)
(0) k-1
Z, = Zeoyk " iul Zeoys € L (1 <k <n) (1.1.7.8)
,(0) "
n+1 =X - 191 Z(O)i e L (1.1.7.9)

Because the family of sets Z;O) (1 < s < n+l) 1is constituted of non-

overlapping sets and their uniom is X, it follows that Z(o) = {Zgo)} is

a partition of X with Z(o) € UL.

Using the results in Lemma I.4, it follows that for the measure P,

which can be PE or Pn’ we have the inequalities

22 ”) - 2zl < (2 - Bz 0] + [R(zg 0 - B2 <
(0)

<2 a2 + (2820 Ak (1.1.7.10)
Obviously,
(0) k-1
a0 8 2ok " 2oy = Y Fodd 4 Zeoxk
k-1 -
2ok = Zok = Y Loi! = (Y 2o N 2o
(1<k<n (I.1.7.11)

We will show that

(0)

I1.1.7.12
Z, Az(o)kC 1L-)1 (zg 8 25y) QL<k<n ( )
Indeed, let us decompose Z(O)i a

= (2, nz(o)i) U @gys - z%) (1 <41<n) (1.1.7.13)

2(0)1
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So that
k-1 k-1 ] k-1
U 21 =f U (Z;N 2 )UU(Z -z,)
mp @i L (o o @17 %
(itxkzn) (I.1.7.14)
Zioyk = ZeN 2o U Gy = %) (Liksn) (I.1.7.15)

From (1.1.7.11), (1.1.7.14), (1.1.7.15), because Zi(l < i< n) are

non-overlapping, it follows that

) k-1 k-1 -
B 8 2ot (Y B0 N 2o T (Y Paio)s)) N2 |

[ k-1 k k .
— ’.( U@y - Zi)] U@y~ = U @y =~ 29 C U282,
L 1=1 i=1 1=1
which proves (1.1.7.12). From (1.1.7.12) it follows
k
(0)
Pz 8 Zg) < 1§=1 P(Zy 8 2gy) < ke (1.1.7.16)

go that from (I.1.7.10) we obtain the inequality

IP(ZI(cO)) - P(Zk)l < ke + ¢ = (ktl)e < (n+l)e (l<k<n) (I.1.7.17)

k.

so that
IPE(Z£°)) - PE(zk)I < (n+l)e (L <k<n) (1.1.7.18)
an(Z£°)) - Pn(Zk)l < (n+l)e (1 < k < n) (1.1.7.19)
It follows that
0), :
Pe(Zy ) = P(Z) + S 5 |55,k| < (n+l)e (1.1.7.20)
0, . ,
P (2,7) = P (2)) + cn’k, '%,k' < (n+l)e (1.1.7.21)
and cunsequently (o) ]
P.(z,"7) P, (2,) P
,(0) £ "k £ (z,) +6
T, = p (2 0y - P (2,) log ==X = (B (2,)+6. ) log—K &
LA (0) £ %’ %8 7 (z W+ () log
P (2, NOVEE R S ML
- é
i l+-—§dk_ ©
o (291 PelZy) T 3 P:(z ) P (2) |
€ K 1og ?:TEET = [ps(zk)+5£’k | log F;TEET' + log 3 g
| ‘- L -
n “k
p_(Z.) 14e,
- P (z) log £—K-u (p,(2) 45, ) log =2k + 5. . 1log g%
£ ? (2.) A S-S e Bk )
nTk ’ n "k
(1.1.7.22)
(sl e ot
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where
65 k 6n k
€ s —22_ . ¢ - i (1.1.7.23)
£,k PE(Zk) n,k Pn\Zk)
So
1+¢ P.(2,)
- (0 E,k £ "k (1.1.7.24)
Tk PE(zk ) log —-—-4—1_'_6 + (n+l)e log P (Z)
n:k n "k
Let us denote
M = min { min PE(zk); min P (Zk)} (1.1.7.25)
1<k<n 1<k<n n

Considering the case h(£:n) < » it follows M > 0, Let us denote also

e_ It 1
M (1.1.7.26)
Then
é
£,k (ntl)e _
'es,kl R N I.T ee (1.1.7.27)
13 kl
§
n,k (n+l)e -
len’kl e T ec (I.1.7.28)
n 'k
From log x < x-1 it follows
1+e 1l+e € - €
E,k £,k £,k n,k
log 2 < — o] = —_— (I1.1.7.29)
1-0-8n Jk 1+€n,k 1+ sn,k
from which it follows
- +
Jog onkak| o |ZEHFn k) 2kl * [0 ]
+e, Lte o 1 - Ien,k[ (1.1.7.30)
and from (I.1.7.28) it follows
- - A
1 lsn’kl >l-ce (1.1.7.30")

go that with the help of (I.1.7.27), because ¢ < 1, it follows

1+e
1o £,k 2ec 2eg
g Toe I-ec 1-e (1.1.7.31)
n,k
"
ot
‘
re
"
Y
<
[]
.—J
N
-
;.r
A NN N S N LT P I S e B R A B R S S St P D R A PV SE SV TR R Ry N T
Y At RN e e LT N e O A I A I R e A S N A RS AEAS R \A_'ﬁ- ;"\V ¢




el o S
PR
. Tl

-
L]
)
Ty
h

S

T v o Y @lenaS,
Sy LAt Y ay e, Y ol el N o
PAP AN B PPN

&

ST
@’ A

|, S 0 S B4

A,

R0,

LA

- s e
x
AR

15

so that from (I.1.7.24) we obtain

1+ P.(2,)
£k | £ %
— —__
ITkI < |log 1= - |+ (n+l)e |log 377 5 <
T\,t‘- n k
P, (2 )l
2ee £ "k 2ee 1 .
< Tt (n+l)e |log Pn(zk)' < T + (n+l)e [log M| a.e.
(1.1.7.32)
where
2
a= 1—_‘: + (n+l)e|log M| (1.1.7.32")
Consequently,
n n
I 1 =< I 1l < nae (1.1.7.33)
k=1 k=1
which can be written as
P_(2'") log —=———— - P.(Z ) log ——F | < nae
s=1 ¢ s P (Z;o)) s=1 & Pn(zs)
N (1.1.7.33")
From
n n
PICU zZ)a(CU 2 < e (1.1.7.34)
=1 1 =1 (O
because
n
U 2,=X
=1 1
it follows for P = PE or P = Pn’ that
n n
P(XA U Z,,,,) =PXxX-U 2 ) <€ (I.1.7.35)
R OF! R (OF
or from (1.1.7.9)
(0)
P(Zn+1) <e (1.1.7.36)
i.e.
) ()] '
Pe(Zpyy) €5 B (2p)) Se (1.1.7.36")
Let us denote
(0)
P (Z )
(0) £ n+l
T = P (2 77) log
n+l £ "+l (0)
Pn(zn+1) (1.1.7.37)
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so that from (I.1.7.27) and (I.1.7.36) it follows that

(0) Ps(zégi) 1
lTn+1| = PE(zn+1) log ;—zz?ay; < dlog-ﬁl = ¢|log M|
N n+l (1.1.7.38)
Let
“fl (0) e (2,%)
h(g :n ) = P.(2 ") log —=———— (1.1.7.39)
2(0)" 7, (0) o1 & 8 p (z(9)
ns
( y= 1 2 e Zg)
h(§_: n,) = P_(Z) log ===+ (1.1.7.40)
A A e P (Z)
so that
n
h(EZ(O): nz(o))-h(szz n,) = kzl T, + T4y (1.1.7.41)
so that from (I.1.7.33), (1.1.7.38) it follows
n
Ih(Ez(o): nz(o))-h(EZ: nz)|§_ klek T ] < (na + |1log M|)e

(1.1.7.42)

Consequently, h(EZ(o): nz(o)) is as close as we want to h(EZ: nz), if
the last one is finite, if we take ¢ sufficient small. If (I.1.7.40)
is not fintte, then (I.1.7.39) will be as large as we want, taking €
sufficient small.
Consequently, to any partition Z ¢ U = Us’ it corresponds a partition
Z0 3 UL such that (I1.1.7.39), (I.1.7.40) are as close as we want, so
that from the definitions of hs(E:n), hL(E:n) it follows that

hs(E:n) j_hL(E:n) (1.1.7.43)

From this, because any partition with elements in L has a subpartition

in R, it follows from (I.1.7.3), (I.1.7.5), that

hL(E:n) < hy (G:n) (I.1.7.44)
Because ULC: US’ UR(: US it follows
hL(E:n) j_hs(E:n) (1.1.7.45)
hp(8:n) < ho(5:M) (1.1.7.46)

From (I.1.7.43), (I.1.7.44), (I.1.7.45), (I.1.7.46) it follows that

hL(E:n) = hR(E:n) = hs(E:n) = h(E:n) (I.1.7.47)

which proves theorem I.2.
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Consequently, in the definition of h(£:n) instead of comsidering all
measurable partitions in US’ we may consider only the subclass R.
For example, in the case when X is the real line and S the og-algebra
of all Borel sets in it, it is sufficient to consider only the class
R of partitions with elements in the algebra of finite unions of
intervals. In the case when X is the cartezian product xl,...,xn of
n real lines and S is the o-algebra of all Borel sets in it, it is
sufficient to consider only the class R of partitions with elements
in the algebra of finite unions of n-dimensional intervals of the

form Alx...xAn, where A, is an interval on the real line (1 < i < n).

i

I.1.8. Theorem I.3

In order that the relative entropy of £ with respect to n be finite,

it is necessary that the probability distribution P_ be absolutely

g
continuous with respect to the probability distribution Pn'

Under this condition, the relative entropy h(£:n) defined as the

supremum (I.1.5.7) over all partitions of the range of £ and n into

a finite number of sets measurable with respect to P, and Pr’ is
2 Ve

equal to the following integral

h(é:n) = J ag:n(x) log aE:n(x) Pn(dx) (1.1.8.1)
X

where aa_n(x) is the Radon-Nicodym derivative of PE with respect to Pn’

Ps(dx)

gin(® = F (@0 (I.1.8.2)

a

In this integral representation formula, the integral exists in the

sense that the integral over the set where the integral is negative

converges. In particular, h(£:n) is finite or not according as this

integral is finite or not.
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Obviously, the integral representation formula can be written as

h(E:n) = f iE:“(x) Pg(dx) (r.1.8.3)

where X

1E:n(x) = log 2 (x) (1.1.8.4)

is the relative entropy density of P_ with respect to Pn' In the

£

particular case that the propability measures P Pn are defined in

g!
terms of densities wE(x), ﬂn(x) with respect to u, the integral

representation formula reduces to

ﬂg(x)
h(E:n) = I ng(x) log ;;T;T . dx (1.1.8.5)

X

where the integration is on u-measure, and

wg(x)

a (x) = ?T;_(T)— . (r1.1.8.6)

g:n
Obviously, in the particular case that X is a countable space of

elements X and P Pn are given as (I.1.11), then from (I1.1.8.2)

E’
it follows Pa(xi)
a, (x,) =+~ (r.1.8.7)
E:n1 Pn(xi)
and from (I.1.8.4) it follows
Pg(xi)
(1.1.8.8)

i, (x,) = log 57—
g:n-"1 Pn(xi)
and the integral representation formula reduces to (I.1.1.2) withn = =,

Proof of theorem I.3

First part of the proof. If PE is not absolute continuous with respect

to Pn’ then there exists a set B € S such that PE(B) > 0, Pn(B) = 0,

Considering the partition Z € U consisting of the two elements

Z1 = B, Z2 = X-B, it follows that
% PE(ZS)
h(E,: n) = P, (2 ) log ==~ (1.1.8.9)
z° 2z =1 & 8 P (2)
is not finite, and so 1is also
* h(g:n) = sup h(£,: n,) (1.1.8.10)
ZeU
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[
?; Second part of the proof. Let us consider that PE is absolutely con~
O

" tinuous with respect to Pn.

5 In what follows, let P be some probability measure on the real line,
e

; such that o

; J P(du) =1 (1.1.8.11)

0

\

¥

- If ¢(u) is some convex function on [0,»), Jensen's inequality gives

:Q. @ o

N

o J $(u) P(du) < ¢( J u P(du)) (1.1.8.12)
' 0 0

B Let

N $(u) = —u log u (1.1.8.13)
; Then

e ¢$"(u) = - ;];- <0 (0<uc<w® (I.1.8.14)
::: so ¢(u) is convex on (0 < u < =), and from (I.1.8.14) it follows the
-,

. inequality - -

- J (u log u) P(du) > [ J u P(du) ] 1logl f u P(du)](1.1.8.15)
0 0 0

;'.E', Let T € §, such that Pn(T) > 0. We define the measure P’I‘ on S by the
- relation

.§: PT(A) = Pn {[x; ag:n(x) e Al]/ xe T}, AeS (1.1.8.16)
-; where the bar means conditional probability. Let f£(u) be some Borel
L)

- measurable function on [0,»). Then

s

8 s ' x

-
=

‘:nxﬁ‘ll

&~
.

0 0 n
1
TP f £ lag, (0 ].2 (dx) (1.1.8.17)
T
e S o 0 U L I T T

¢
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If f(u) = 1, from (I.1.8.17) it follows that

f PT(dx) =
0

1 -
I;n—m-. PT(T) =1

i.e. the measure P

If f(u) = u, from

. J aE:n(X)'Pn
T

is a probability measure.

llows that

P

(dx) = =2

n

If f(u) = u log u, from (I.1.8.17) it follows that

J u log u. PT(dx)
0

= 1 fa
P (T)

T

J [log ag:n(x)]. Pg(dx)
T

Pn(T)°

From (I.1.8.5),

(X)] . P (dx) >

1
P (D) [ [log a
n T

or

PE(T)
PE(T) log Pn(T)

T

n(x) log a

P.(T)

(T)

P (T)

£:n

(1.1.8.18)

(1.1.8.19)

(x). Pg(dx)

(1.1.8.20)

because of (I.1.8.19), (1.1.8.20) it follows

P,.(T)

g

=P (D ° log P ()

I[log a (x)] Pg(dg)

Now, let Zs be elements of some partition Z of X.

(1.1.8.21) it follows

P (2)
P (2,) log 37y g_f [log a,, (x)].
n s 2
s

and consequently
. P.(2)
B(E,:n,) £\“s 52

Pn(Zs)

= E PE(ZS) log

[ (log a, (x)] Pg(dx)
X
so from (I.1.5.7) it follows

h(g:n) f_f [log a (x)] Pg(dx)
X

Pg(dx)

(1.1.8.21)

With T = Zs’ from

(1.1.8.22)

[ {1log a (x)] PE(dx)=

Z
s

(1.1.8.23)

(I.1.8.24)
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Third part of the proof.

Because

lim(x log x) = 0, lim P {x, [1og a, (x)l >kl =0 (I.1.8.25)
x>0 koo

it follows that we may chose € > 0 go small, and then take k > 0 so
large that

- %-E_P {x; |1log 3 (x)] > k} log P {x, |1og a (x)l >kl <0

(1.1.8.26)
But
-k k

; |1log ag (x)l <k} =1{x;e n(x) <el (1.1.8.27)
Let Z (1 < s < n) be such disjoint sets in S, that
a) U z, = {x; |log 3, INCIIERY (1.1.8.28)

s=1

b) loge -logm <5 (l<s<n) (1.1.8.28")
where

e, = sup{a

Ezn(X); X € Zs}; m = inf{ag:n(x); x € ZS} (1.1.8.29)

Let us define the set

Z.1" = {x; log a; (x)[ > k} (1.1.8.30)
so that
- ' n+l

3 Uz =x (1.1.8.31)

- s

e s=1

.Eﬁ and consequently Z, (1 < s < n+l) form a partition Z(O) of X.

@

;ﬁ: Obviously for any s such that 1 < s < n,

R

i ) : =e_. .1.8.32
G Pg(zs) J aE:n(x) P“(dx) < e ‘[ P (dx) = e P (2,) (1.1.8.32)
5 _ ;

8 8

. \.:

S i _ |
[ Pp(2)) f 8, (x) P (dx) > m . [ P (dx) mg.P (Z) (1.1.8.32")
o 7 | ]

b, s s

b s
L.

_‘i.:q

e

L e T T I T e R

e 3-;_;\.; .“u,.ux_, e W ha L)..:.‘.:.'L'-‘--Lx.._;‘. P m-i\. i
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Similarly

J [log a (x)] P (dx) <

Z
s

[log es]Pg(dx) = (log es)'PE(Zs) (I.1.8.33)

N%

J [log a (x)] P (dx) > [ {log mS]Pg(dx) = (log ms)’PE(Zs) (r.1.8.33")
Z Z

From (I1.1.8.32), (1.1.8.32') it follows
PE(ZS)
Pn(zs)
and from (I.1.8.33), (1.1.8.33') it follows

m <

. <e (1.1.8.34)

]

[log ms]'Pg(Zs)-i f [log a (x)]P (dx) < [log e ] P (Z ) (1.1.8.35)

Z
s

From (I.1.8.22), (I.1.8.35) it follows
PE(ZS)
PE(ZS) log 3;?2;7 < [ [log a (x)] P (dx) < [log e ] P (Z ) (I.1.8.36)

Z
s

so that from (I.1.8.35), (I.1.8.36) it follows

P_(Z)
P (2) 1og1f—(z-s—)- ftloga ()], (dx) < [log e_].P,(2.) - [log m ].P (z))=
g n s ]
s
= (log es - log ms)'PE(Zs) (1.1.8.37)

From (I.1.8.34), (I.1.8.36) it follows similarly

P_(Z)
PE(ZS) log PETEET - [ {log a (x)] P (dx) > [log e ] P (Z ) -[logm ] P (Z )
n s 7
s
= (log es - ms)'PE(Zs) (1.1.8.37")

From (I.1.8.37), (1.1.8.37') it follows the inequality
PE(Zs) ) .
!PE(ZS) log P;?E;Y - J log aE:n(x).PE(dx)lf_(log es- og ms)'PE(Zs)’ (1 <s<n)

Z
s

(1.1.8.38)
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from which it follows
§ PE(ZS)
P_.(Z ) log =—=——%— - f log a (x) P (dx)
s=1 & s Pn(zs) n
Uz
s=1 s
PE(Z )
Z [P (Z ) log P (Z ) ) - [ log a (x).PE(dx)]l
s=1 7
§ B.(2)  °
P_(Z ) log == f log a_ . _(x).P_(dx)
s=1 3 s Pn(ZS) ; £:n
s
: e -
(log e_~-logm_) P.(Z_) < 5.P.(Z) =35.P(UZ)
o=1 s s’ "g'"s el 27t s 2 1 S
So
n PE(Z ) c
Szl P (2,) log P—m f log a, . (x).P (dx)| <3
X-Zn+l
From (I.1.8.26) we obtain
P.(2Z )
£ <P (2_) log P,(Z ) <P (Z .) log =0t
2 — £ "n+l £ "'n+l” — £ Tn+l Pn(zn+1)
From (I.1.8.39) it follows
c n PE(ZS)
-5 < 2 PE(ZS) log T [ log 3 (x) Py (dx)
s=1 n s
X2

From (1.1.8.40), (1.1.8.41) by addition, it follows

n+l PE(ZS)
Szl P (Z ) log 5_f2—7 I log aE:n(x).Pg(dx)
X'-Zn+l
or
o+l PS(ZS)
szl P _(Z ) 103'5—?2—7-— J log agzn(x)PE(dx) -
X-Zn-l-l
or
h(EZ(O); nz(o)) 3_[ log a; (x) Py (dx) - ¢

X-2

n+1

(1.1.8.39)

(1.1.8.40)

(1.1.8.41)

(1.1.8.42)

(1.1.8.43)
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from which it follows
. = . > . -
h(g:n) = sup h(EZ.nZ) > h(g oy " (0))3 [Llog agm(x) ].Pg(dx) €
ZeU YA Z
. 2
4’}
0
;“ and if k + », € + 0, we obtain the inequality
2l
- h(£:n) _>_J log a .n(x).PE(dx) (I.1.8.45)
ay X
\ From (I.1.8.24), (I.1.8.45) it follows (I.1.8.1).
h S
Y If the integral (I.1.8.1), let usmake the substitution
b7
% 3, m(x) u (1.1.8.46)
}f:: or
'."' -1
.‘ x = a m(u) (1.1.8.46")
, This transforms the integrand in
2 u logu (I.1.8.47)
and the measure Pn (dx) is transformed in some measure L(du). So,
o
i'.:: (I.1.8.1) takes the form -
LY [ (u log u)L(du) (I.1.8.48)
_ Let us denote
o
\.C-.; f(u) = u log u. (I.1.8.49)
o
5”0 Obviously
‘A
3 {u; £(u) < 0} = {u; 0 < u< 1} (1.1.8.50)
:::: From
5 df
be i 1+ 1logu (1.1.8.51)
s it is seen that f(u) has a minimum value for u = e-l, and so
xe -1 -1
o f(u) > f(e 7) = -e (1.1.8.52)
\
e so that
- 1 1
g J' u log u.L(du) _>_I -e-l.L(du) =—e-l.L([0,1]) > —e_l (1.1.8.52)
o 0 0 :
::::' from which it follows that the integral in (I.1.8.1) converges.
:l'-'\
o

l.‘" ."(._r&v‘,'r e W P N’N TR - .‘;\.‘}:"‘.‘; ~.;. .,
n‘h ‘t.l.s 'u .A 'Q O A
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I.2 Some elementary properties of relative entropy

I.2.1 Let us consider that the random vectors §,n are taking values in

the measurable space (X,S). Let us consider also another measurable space

(i,'s') and let £(x) be a S-measurable function defined on (X,S) with

values in (Y,E). The compound functions

E@w) = £(E W), nw) = £(-(w)) (r.2.1.1)

are random vectors with values in (i,g).

Let

PE(T) = Plw;E(w) € T}; Pn(T) = Plujn(w) ¢ T}; Te S (1.2.1.2)
P_(:I'-) = P{w;E (w) € T}; P_(T) = Plusn(w) ¢ T}; Te S (1.2.1.2")
g n

Theorem 1.4 For any random vectors §,n, and any function f,

h(E:n) < h(E:n) (1.2.1.3)

with equality if £l exists a.e.(PE + Pn).

Proof. Let T ¢ i, so that

T = f-l(?) ={xe X; £f(x) ¢ T} (I.2.1.4)

Because f(x) is S-measurable, it follows that if T € S, then

T = f-l("—f) € S and

P.(T) = P{x;xe T} =P {x; xe T} =P (T) (1.2.1.5)
g g 3 =
g g
P(T) =P {x;xe T}=P {x;x€e T =P (T) (1.2.1.5")
n n ; ;
From the relation
-1 k k -1 —
f (U Ti) = (J f (Ti) (I.2.1.6)
i=1 i=1
if T:L €S (1L<1c< k) it follows that T, = f-l(fi) (1 <1< k); also if
n n
J _'I.—‘:l = X, it follows (J T, = X. Also from
i=1 i=]
-l= = -1,= -1 =
f (T1 - TZ) = f (Tl) -f °( 2) (1.2.1.7)

it follows that if ?ln Tz = @, then Tlﬂ T, = 0.




Y YT T v ~r
Ak abe § TWTrWYTW W YT W WO g

26

From the above it follows that if Z = {is} is a partition of i, then
z =13 = {2} with Z_ = f‘l(E;) is a partition in X.
Let us denote the totality of such partitions Z = f-l(E) if X by R,

all partitions of X by Ug, all partitions of X by U, so that RCU

3 S
and US = R L)(US - R).
From (1.2.1.5), (I.2.1.5') it follows
P (Z)
T_: . ] P(Z) log o=} p(z)1 ) e, )
h(€_: n_) = P_ og =—— = P og 3775~ = h(g _:n
Z Z s=1 E S P(Z) s1 ° ° LN, 2z
n (I.2.1.8)
So
h(E:n) = _sup h(Esz:nz) = sup h(£ : n,) (I.2.1.9)
Zeu - % zr 2 2
S
and

h(€:n) = sup h(E :nz) = max{sup h(&ztnz); sup h(Eztnz)}

Z € US ZeR ZsUS-R

= max{sup h(E_:m) sup h(EZ:nZ)}=mak{h(§:;); sup h(EZ:nZ)}zh(E:-ﬁ—)

ZeU_ Z Z Ze US-R ZsUS-R

S (1.2.1.10)

e

which proves (I.2.1.3). In the case when the inverse functiomn f-1
exists PE + Pn, a.e., we can change the roles of £,n with E;ﬁ; obtaining
the inequality inverse to (I.2.1.3) so these both together give us the
equality.

Obviously the above result remains true in the particular case when

(X,S) is identical with (X,S); of particular interest is the case when

f is a linear function, and let
E=f()=4A,n=1f(m) = Aan.

Theorem I.4'. h(Ag:An) < h(E:n) (1.2.1.11)

with equality if A is not singular.

This theorem is following from Theorem 4, but it can be obtained also

from the fact that the integral representation (I.1.8.1) of h(§:n)

> does not depend on the system of coordinates in the vector space X.
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Theorem I.5 If €, converges in distribution to £ and n, ton, then

lim

N~

h(g:n) < h(g_:n ) (1.2.2.2)

Proof. From Definition I.1l it follows that

o

17 4if h(§:n) < =, for any € > 0 it exists a partition

Z = {Zs} e U, such that

h(Ez:nz) > h(g:n) - ¢ (1.2.2.3)

o

2° If h(€:n) = », for any N > 0 it exists a partition

Z= {Zs} e U, such that

h(&z:nz) > N (1.2.2.3")

Becasue Z ¢ U, it follows that for any Zs belonging to Z, in both

cases l°, 2°

Unm P (2)) = P(2); Lim P (2) =P (Z)(1 <5 <m) (1.2.2.4)
o n nreo n

:-‘
L

e
!

v
> KV
s

vy
r l."
'

':".




Co o x
NN X
AT ALPLA

-
F

A,

Iy
at

Pl

- _}
'v{\{'w

B

v
a I:L

g

% %

4, KA

28
From
f Pgn(Zs)
h(¢ ,:in_,) = P, (2 ) log ——— (I.2.2.5)
nZ’ 'nZ =1 &, 8 Pnn(Zs)
1)? PE(ZS)
h(¢,:n,) = P_(Z ) log == (1.2.2.:5")
A A P, (Z)
it follows [1im P. (Z )]
? [1im P, (Z_)] log ‘o °
lim h(¢_,:n_,) = m og -
e nZ ‘nZ i=1n En s [1im Pn (Zs)]
me n
m PE(zs)
Z B, (Z,) log 37y = h(E,ny) (I.2.2.6)
=1 n''s
Obviously,
h( _:n_) = sup h(E n ) > h(g__:n_,) (1.2.2.7)
n’''n (0) nz(0) nz(0) nZ ' 'nZ
Z el
S
From (I.2.2.6), (I.2.2.7) it follows
lim h(£n=nn) 2 lim h(g_,:n ) = h(E, :n,) (1.2.2.8)
e o
i.e
lim h(g_:n_ ) > h(§;:n,) (1.2.2.8")
N>
1° From (I.2.2.3), (I.2.2.8) it follows
1dm h(g _:n) > h(E:m) - ¢ (I.2.2.9)
o
for any € > 0.
2° From (I.2.2.3'), (I.2.2.8') 1t follows
(I.2.2.9"

lim h(an:nn) > N
o

for any N > 0.
From (1.2.2.9) 1it follows (I.2.2.2)
(1.2.2.9') 1t follows

lim h(g :n ) ==
oo

in the case h(E:n) < « and from

(I.2.2.10)

in the case h(f:n) ==, f.e. (I.2.2.2) So the theorem is proved.

.................

----------------------

.......

.................
......................
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I.2.3. Let us consider two sequences of random vectors En’nn taking

values in the measurable spaces (Xn,Sn) (n=1,2,...) so that the

(n)

random vectors & (El,...,in), n (nl,...,nn) are taking

values in the measurable spaces

n
@ sy o g (X,,8,) (n=1,2,...)
i=1

(n) X(n)

with elements x , and the random vectors § =(El,...),

) are taking values in the measurable space

(X,8) = X (X,,S,)
{=1 1’71

(n) (n)

with elements x € X. Obviously x = (xl,...,xn) e X , X = (x e X

100"

Theorem 1.6

Lim h(E™ 0™y 2 n(ein) (1.2.3.1)
o cand

(n+1) 1""’xn’xn+l) € x(n+l) it corresponds an

(n)

= (xl,...,xn) e X . Let us denote by Fn this correspondence, i.e.

Proof. For any x = (x

(n)

element x

Fn(x(n+l)) - x® (1.2.3.2)

(n+1) (n)

is a function with domain X and range X . Consequently for

g(n) (n+1)

=(£l,...,5n), £ = (El""’en’gn+l) takes place the relation

Fn(s(“+1)) - @ (1.2.3.3)

From (I.2.1.3), (I.2.3.3) it follows that

ne @D )y S @@ My a2, (T2.3.0)

So that the sequence h(E(n):n(n)) is not decreasing and consequently
1im h(g @ :n(™) (1.2.3.5)
n->w

does exists.
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Let us denote

1. M - the totality of all sets of the form

n @ @
T= X Zi x X Xj e S= X Si (1.2.3.6)
1=1 $=n+l 1=1
where Z, ¢ S, Z, $X, 1<ign). (n=1,2,...)

2, L - the algebra of all finite sums of sets belonging to M.

3. r(T) =n for T in (I.2.3.6)

4, M- the totality of sets T e S of the form (I.2.3.6) with
given r(T) = n.

5. Ln - the algebra of all finite sums of sets belonging to Mh'

6. U, - the totality of partitions V of X with elements in L.

L
7. UL - the totality of partitions V of X with elements in Ln'
n
8. UM - the totality of partitions V of X with elements in M.
9. UM - the totality of partitions V of X with elements in Mh'
n
10. '™ - the totality of sets of the form
() _ 3 (@) _ %
T = X Zi € S = X Si (1.2.3.6")
i=1 i=]1
(n) (n)
11. L - the algebra of all finite sums of sets belonging to M.
12, U (a) ~ the totality of partitions V(n) of X(n) with elements in L(n).
L
13, U (@) ~ the totality of partitions V(n) of X(n) with elements in M(n).
M -]
4. R= U v, . (1.2.3.7)
M
n=1l "n

It is obvious that
1°. L generates the oc-algebra S.

2°, Any partition V ¢ U, has a subpartition V, ¢ Uy. -

3°. Any partition V e UM has a subpartition V0 € UM for some value
n

of n, because the number of elements in V is finite, i.e., any

&

hilaees,

AR il i)

]
LI
- by

partition V ¢ UM has a subpartition VO € R.

']

-
-

-

‘. ‘..-‘"..*\.‘,‘.
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Consequently, from 2° and 3° it follows that any partition V ¢ UL has

a subpartition Vo ¢ R and from Theorem I.2 it follows

h(:n) = sup h(§.,.n,) = sup sup h(,:n,) (I.2.3.8)
VeR v l<nce Ver vy
(a) B a)
4°, L generates the g-algebra S n
° (n) . (n)
5°. Any partition V € UL(n) has a subpartition V(O) € UM(n) so that
from Theorem I.2
hEe@ ™y 2 swp wE® 0™ (1.2.3.9)
v(n)ey y(@ g
M(n)

Let An be the one-to-one transformation established by (I.2.3.6),

(I.2.3.6') between M and M(n), i.e.

a (D) = 1™ 1oy, 1M ¢ w® (I.2.3.10)

Obviously, An is measure preserving in the sense that

(n)y . (n)y
n)(T ) PE(T)’ P )(T ) Pn(T) (I.2.3.11)

P
E( n(n

We can define a one-to-one correspondence Bn between UK1 and U (u)° so that
. - n M
(n) (n)

Bn(V) =V » Ve U n, \ 3 UM(n) (1.2.3.12)

(m) _ {Vén)}’ Vén) e m(®

(Lgszge), Vo= Vén) x i-§+’ Ki3 l.eo A (V) = Vin)(l <s<e).
Consequently for Ve U “, V(n) = Bn(V) € UM(n),
Eyiny) E v) Y

h(,:n = P (V) log o7 =

vy T L TEy s an(vs)

(n)
P (a) <vs )

: () "o () _(n)

- sﬁl Ps(n) (Vs ) log : (v(n)) = h(EV(n):nV(n)) (1.2.3.13)
v(n) n(ﬂ) S
v(n)
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From (I.2.3.9), (1.2.3.11), (1.2.3.12), (I.2.3.13) it follows

h(E(n) (n) ) = h(E(n)m(n))

sup h(E_:n.) = sup i
VeU, vy v® v(n) " y(n)
n M(n) (1.2.3.14)
From (I.2.3.8) it follows
h(€:n) = sup h(E(n):n(n)) (1.2.3.15)

l<nce
and from (I1.2.3.4), (1.2.3.5) it follows
sup h(g(n):n(“)) = 1lim h(ﬁ(n):n(n)) (1.2.3.16)
1<n<e e

and from (I.2.3.15), (I.2.3.16) it follows (I.2.3.1).
I1.2.4, If W is a signed measure defined on all Te S, a set E ¢ S is
positive with respect to u if for any T e §

w(tNE) > 0 (1.2.4.1)
and is negative with respect to u if for any T e S

w(tNE) <0 (1.2.4.1")

From this point of view, the empty set is both positive and negative.

It is known from Theorem A, §29, p. 121[ 4], that if u is a signed
measure, then there exists two disjoint sets X+, X € S such that their
union is X and so that X' is positive and X 1is negative with respect
to u. They form a Hahn partition of X with respect to u.

Let 2 =I{ZS} be a partition of X, so that the family of sets A {Z:},
where Z: = Zs r)X& is a partition of X+, and the class Z = {Z;}, where
Z; =z, () X is a partition of X .

Let S+ =5 (\x* be the o-algebra of all S-measurable sets in X+ and
s” = s X the c-algebra of all S-measurable sets in X . Also let US

be the totality of partitions of X with elements in S, Us+ the totality

of partitions of X+ with elements in S+, U.~ the totality of partitions

5=

of X  with elements in S .
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v
A
Ly Let
A-q‘
<1 + + + +
i B (T) = sup ) u(TﬁZs) = u(T ﬂksjzs) =u(TOX)  (1.2.4.2)
Zte U, s
O )
N . - - - -
3 vm o= sw a0z =aanlUz) = wanx) q.2.6.3)
N YA US_ ] s
<.
v
) - -+
2 [ul(T) = sup  J|w(riz)| = sup yuz)-
+ s
x Z2eU, s 2 ¢U_4+ s
& S S
y‘\ +
= - sup I @0z) =wm+u(m (1.2.4.4.)
o Z7eU.. s
iy S
. The set functions u', u~, |u| are named positive (or upper) variation
-
:;- of u, negative (or lower) variation of u, and total variation of u.
LY
-2 Each of them is a measure and
O

(@ = v M - uT (1.2.4.5)

If u is finite or o-finite, so are his variations (See Theorem B, §29,

p. 123[4 ]). In what follows, we will denote

[Tuf] = [u] (1.2.4.5")

Theorem I.7. If u,,u, are measures on (X,S), it exists a set Xge S

it
1 I . ) l.-."l.
. R

with u,(X.) = 0, and a non-negative S-measurable function a(x), such
WitR Ho 4y hegat

that for any T e §

A\ t'.A' 1, :r;‘l &
P AL SE

b

‘“1 = u,l (M) = I la(x) - Hu,(dx) + n (T nxo) (1.2.4.6)
T

',
‘v *ri
)

If My is absolutely continuous with respect to M, On X, (which fact we

z

ol g

will denote in the future by Uy << uz), then XO=Q and

Y
Fa"a”

e
5

ul(dx)
a(x) T (1.2.4.7)
2

" - -
/)
x o

rEE s

so that

>

[ul - uzl(T) = f la(x) - 1[ u (dx) (1.2.4.8)
T

",
Py

P
e S

®x.

AEES
=
« T

o - o, wm_ e . “- e e~ . - - - -
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If My <<V, py <<V and nl(x), wz(x) are the corresponding densities, then

7, (x)
T mm—— 1
a(x) wz(x) (1.2.4.7")
f;}f; and
fsjf [ul - pZI(T) = J ]nl(x) - nz(x)l v (dx) (1.2.4.8")
'
S Proof. It is known that for any arbitrary measures BpsHgs B = Uy = U,
Py
‘?}g is a signed measure. It is also known that it exists a set XO e S
f»?:' such that u; << u, on X - X, and
::}:‘ ul(To) = a(x) uz(dx) (1.2.4.9)
o 7
’_)-f'_.: 0
.,(‘..
o where TOC: X - XO and a(x) is an S-measurable functiom.
o
;\;« Consequently, for Toc: X - Xo
% P POACY Vi Wp(Tg) = wp(Tg) = [ (a(x) - 1lu,(dx)  (1.2.4.10)
oo To
{
fN\ﬂ Because the total variation of My~ My is a measure on S, it follows
‘f;:~ that for Te S
.:-,‘.:
;, |u1 - uzl(T) = Ju, - u,l (T N(x - Xy) ] +lul-u2[('1' Nxy)
| (I.2.4.11)
b Ot
f}iﬁ Now we will calculate the two elements in this sum.
"
WAy
jkﬁ& The first element is
: + -
o g =, (TN =21 =y =uy) [TOE =X T+ Gy -uy) [TOX-X) 1=
\-:--::AJ = - q - + - - d = =
- (wy =u P T = XDNKT= () ) [TOX = XPNXT]
Yoy
[ = (a(x) - lluz(dx) - J( (a(x) - l]uz(dx) -
LN TOX-x)NX TNE- X)X
-
:::.:::: = la(x) - lluz(dx) + J la(x) - lluz(dx) =
O _
< TOAE-XIN X TOx - %O X
[ )
ot f
vy - la(x) = 1[u,(dx) = la(x) = 1]u,(dx) * lax) = 1[u,(dx) =
"n.. .
N TM(X-X TO(X - 3
:3‘,2:‘; (X =X5) N(X - Xy) TNX,

alo - [ [a(x)-l[uz(dx) (1.2.4.12)
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The second element is

g =1, TR = Gy - @O XD = Gy -u @O x) =

(g =u ) TN XDIO KT+ @y -u) T OXHN X7 =

L@ O O X+ (@0 xN X1 = w1 Ox) U Y] -

w TOXHN X = (TOX)= | (1.2.4.13)

From (I.2.4.7'), (1.2.4.8) it follows (I.2.4.8'). So our theorem is proved.

Let PE’Pn be given. If PE << Pn’ from Theorem I.3 formula (I.1.8.1)
it follows

h{g:n) = J aE:n(x) log aa:n(x).Pn(dx) (I.2.4.14)
X

and from Theorem I.7, formula (I.2.4.8) and (I.2.4.5') it follows

|1®, -2 11 =f ERCORSUR NCD (1.2.4.15)
X
where
Pg(dx)
3 in(¥) = P, @xy (1.2.4.16)

Theorem I.8.
a) For arbitrary random vectors £,n, takes place the inequality

||P€'Pnl|212-h(5=n) (I.2.4.17)

b) For arbitrary small § > 0, there exists random vectors £,n such that

12 (1.2.4.17")

|12, -2 117 >(2-6) h(g:m)

g
so in (I.2.4.17) the constant 2 can not be replaced by a smaller one.

Proof. In the case when PE is not absolute contfnuous with respect to

Pn’ the second member in (I.2.4.17) is not finite, so (1.2.4.17) is

trivially true, so it remains to be proved only in the case when

P. << P . 1In this case
£ n

PE(Z) = f aszn(x).Pn(dx) (I.2.4.18)
Z

NI e R
e et e .

N A L (N e T S KT et el e e
A - :
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,_ a) Let us consider the function

AR

8

N p(z) =2 logz -2z +1 (0 < 2z < ») (I.2.4.19)
‘“—-‘ —

v Because ¢'(z) = log z, ¢''(z) = %, it is easy to see that for z =1

,‘- this function has a minimum y (1) = 0, and is convex, non-negative, so that
< P(2) > 0 (0< z<w) (1.2.4.19")
\ y Let us consider the expression

:,:1':' ¢ (2) = %(2 + z) y(2) - (z-l)2=%(2+z)(z log z-z+1)2- (z--l)2

< (1.2.4.20)
= Because

o(1) = 0 (I1.2.4.21)
:E::; p'(2z) = %(z log z-2z+1) + %(2+z) log z-2(z-1) (1.2.4.22)
-\.':-

‘:f»f ') =0 (1.2.4.23)
o Vg) = A B .4

L $'"(2) = 37 (z log z-2+1) = 3-.y(2) (1.2.4.24)
:f—:: it follows that the function ¢(z) has a minimum for z = 1 and ¢(1) = O,
- and from (I.2.4.19') it follows from (I.2.4.24) that

- ¢$''(z) > 0 (2> 0) (1.2.4.25)
- i.e. ¢(2) is convex, and consequently

= $(z) > 0 (z > 0) (1.2.4.25")
i.e.
- 2 2
R (z-1) <3 (2+2)(z log z=-2+1) (z 3> 0) (1.2.4.26)
SN

s or

® 2 2

o (z-1) <3 (2+2) ¢v(2) (z > 0) (1.2.4.27)
'_::‘.: or
[ lz-1] < &+ 25 w%(z) (z > 0) (I1.2.4.28)
v 373 2
" Replacing in (1.2.4.28) z with ag.n(x), we obtain
-." - H
4 2 L b

e - 2+ £ . 1.2.4.29
1a£:n(X) 1 < 3+3 2, GNTWT (3, () ( )
e
N

,
oo

.

R T e T e e T e e e e
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from which it follows
la. ) -1].P (dx) < | G +Z a0 ) yia . (x)).P (dx) (1.2.4.30)
£:n “n - 3 3 7%&:n £:n n
X X
From Cauchy-Schwartz's inequality, we obtain
2 2
HPE-PHH = (J [agm(x)-ll.Pn(dx)) <
X
4,2 B ok 2
3+ 3 aF,:n(x)) 8 (agm(x))Pn(dX)) <

%

| A
Y
IS

+
w|N

:n(x)).Pn(dx).f w(ag:n(x)).Pn(dx)=
X

2 .
Pn(dx) +-§ J ag:n(x).Pn(dx)]
X

]
~
wle
R

aE n

N

(x) log aE:n(x).Pn(dx)-f aE:n(X)'Pn(dx) + [ Pn(dX)]=
X X

G+d 1 J 8,y (0 log 3, (0).P (dx) ~1+1]=
X

[}

= : .2.4.31
2 f ag:n(x) log aE:n(x).Pn(dx) 2 h(g:n) (1 )
X

which proves (I1.2.4.17).

b) Let £ be a random variable, such that it exists a set Zo e S with
P(Z) = P (X - 2,) = = ' (1.2.4.32)
£70 £ 0 2 TeTe
Because for any Z € §
PE(Z) = f l.PE(dx) (1.2.4.33)
YA
it follows
ns(x) =1 (x € X) (1.2.4.34)

Let § be an arbitrary number (0 < § < 1), and let us define the function

ﬂn(x) =1-8 x e 2 (1.2.4.35)

ﬂn(x) =14+ xe X2Z (I.2.4.26)
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Because nn(x) >0 (x € X) and

Iﬂn(X) Pg(dx) =1 (I.2.4.37)
X
it follows that nn(x) is the probability density of some random

variable with respect to the measure P

E.
Consequently
wg(x) 1
h(g:n) = J “n(x) log ) .Pg(dx) = J log 7% Pg(dx) + J log ——~ 1+6 P (dx)
X n A X-2
0 0
1 1 1 1 1 1
=Elog§+ilogm=i log 1-62 (1.2.3.38)
Let us consider the function
g(z) = log (1 - 2)~t (1.2.4.39)
It is easy to calculate that
4" -n
“E-@-1D! Q-7 @21 (1.2.4.40)
dz
So that
(n) '
g(0) =0, g (0)=(-1). (n>1) (1.2.4.41)
and consequently,
© Lk
g(z) = ] % (1.2.4.42)

k=1 K

a convergent series for |z| < 1; because 82 < § < 1, and from

(1.2.4.38) we know that

h(g:n) = %-3(52) (1.2.4.43)
and from (I.2.4.42) it follows
1 E 62k
h(§:n) = = _—
2 4 K (1.2.4.44)
i.e
2k
2 6
2 h(§:n) = &§° + z (1.2.4.45)
k- L) - L]

Also from (1.2.4.5'), (I1.2.4.8') it follows that

Z0 X—ZO

llp -P ll-f lﬂg(x)-ﬂn(x)l.PE(dx)= Jll-'(l-é)l.Pg(dx) + J [1-(1+6)|.P€(dx)-
X
$ 8
-2- 5" § (1.2.4.,46)

-~ . . . ~ . B
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From (I.2.4.45), (1.2.4.47) it follows that

y o 2k
- 2 4
2 hig:n) = P -P + (1.2.4.47)

: em) = [P =BT+ 1%

L So, from (I1.2.4.46) we obtain

.

1 @ Zk

; 2 1,2 2

2 (2-8) h(g:n) = [|P. =P ||°= (2-8)5(s"+ § &) -5"=

b g - || £ nll P AN kzz m 8

: b5 2

|. = (l_—). -

; 2 kZZ K (1.2.4.48)
2 If § is sufficient small

? ® 2k 3

' Qa - %) ) —5-k—< GT (1.2.4.49)
o k=2
5: so that from (I.2.4.48) it follows

N 3 3 3

! . 2 8- &6 _8°

o (2-6) h(E.n)-HPE-PnH < e Tre - <O (1.2.4.50)

Consequently for & ,n as defined above, (I.2.4.17) is satisfied.
; 1.,2.5, Theorem I.9.
a) If &,n are given random vectors and p = Py (0 < Pg < 1) satisfies
{ the relation
h(z ) + hE:n) = 2 plog % (1.2.5.1)
then
H'?E - Pnll < 20, (1.2.5.2)

b) Between all pairs of vectors with the same value of

{ h(gm) + h(E:n) (1.2.5.1")
. it exists a pair EO’“O such that
&

- = .2,5.2
3 IIP50 PnOH 2p, (1.2.5.2")

5
\
LY
ﬁ
!
ﬁ
ls
{
j
]

so that the relation (I.2.5.2) cannot be improved.
Proof.
al) It is easy to see that

F(e) = 2 log 22 (0cp < 1) (1.2.5.3)
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A has the derivative

S

2% F'(p) = =2 + 2 log T2 (1.2.5.3")
b 1 -p

o’ -0

s Because F(0) = 0, F'(p) > 0 (0 < p < 1), it follows that F(p) in the
e

o interval 0 < p < 1 is monotonously increasing and has range [0, +=).
e More than that, it can be written as

)

!’) © 2m

R Fp) = 4. | 0 (1.2.5.4)
1 m=1

)'\.:

Lﬁ# from where it is also seen that it is increasing. Consequently, for any
P value of the constant J, the equation

tol

e 20 log oy (0<i<m (1.2.5.5)
r 1-p -

‘6' has exactly one solution.

a0

§:¢: p = po(I), 0<p(d) <1 (I.2.5.5")
4:'..

:fi Given the random vectors §, n, we define the value of JO by

N Jo = h(g:n) + h(E:n) (1.2.5.6)
.._3:'.;

- az) Denoting by

LS

¥ = !
o) pg = p(Jy) (I.2.5.6")
,j“j the solution of the equation (I1.2.5.5) with J = Jo, let us denote

§ oy

Wd 2

A 2po J0+20 1+p0 2p0

e g=—, T= log + — (1.2.5.7)
V) 2 20 1-p 2
'S l—po 0 1-00
:i'i We will prove that the inequality

g

- t |z-1| < (2-1) log z + o (z+1) (1.2.5.8)

S

is satisfied for all z > 0.

[ N

If (1.2.5.8) is satisfied for a value of z, it is satisfied also for~%, because

)

PN A
o

AN
FA A 4
R e

v o1 < G- 10 240G+ D) (1.2.5.8")

3
»

is another manner of writing (I.2.5.8).
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If z <1 1i,e. z -1 < 0, then obviously,

Z . 1a=

1 z-1 > 0.
z

Consequently, in order to verify (I.2.5.8) for z > 0, it is sufficient

to verify

1(z-1) < (2-1) log z + o(z+l1) _ (r.2.5.8'")
for z < 1.
Let

¢(z) = (2z-1) log z + (0-t)z + 0 + 1 (I.2.5.9)

From (I.2.5.7) it is easy to calculate

2p0 1+p 290 l+oo
g -1 == I:;; - log T:E;; C4+ T = l'po + log l'po (1.2.5.10)

so that (1.2.5.8'') takes the form
200 1+p 290 1+p0

$(z) = (z-1) log z + C-T;g— - log 1o Yz + CI:E—-+ log 1> ) (1.2.5.11)
0 0 0 0
so that
$'(z) = log z - l-+ i:ig - log 1+PO (r.2.5.11"
z 1+0 1l-p *
0 0

Ty l 1 LIR ]

$''(z) == +=>0 (z>0) (r.2.5.11'"
z ZZ -

Let us find a solution z, of the system of the two equations

¢(z) = 0, z2¢'(z) =0 (1.2.5.12)

The equations can be written as

l+p0 -1 2p0 1+p0
(z-1) log [z (l_po) ] - l+°o (z - I:;E) =0 (I.2.5.13)
14p 1+p 1+
0.-1 0 0
- = 102. .13'
z log [z (1""0) 1+ I, (z 1"’0) 0 ( 5 )

and it is obvious that they admit the common root
1+p0

>0 (1.2.5.14)
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Because the function ¢(z) has a minimum zero for z given by (I.2.5.14),

because
$(+H0) ==, ¢(+=) =+ (1.2,5.15)
i?* and because from (I.2.5.11'') it is seen that ¢(2) is convex for z > 0,
’.i
ﬁﬁ: it follows that ¢(z) > 0 (z > 0), i.e. the inequality (I.2.5.8'') is
"i B
\ satisfied, i.e. the inequality (I.2.5.8) is satisfied.
B f ) Let us replace in (I.2.5.8) z with ag (x), so we obtain
:\‘t
3 TI (x) -1 < (a (x) - 1) log 2 . (x) + o(ag.n(x) + 1) (I.2.5.16)
‘;, and by integration on Pn over all X,
3
:§$ T, J lag,n(x) - ll.Pn(dx) 5_[ (a (x) - 1) log a (x) P (dx) +
:5 X X
xﬁf
?f. +o0 J(aitn(x) 1) Pn(dx) (I1.2.5.17)
X
! Now it is easy to calculate
‘?:
:&ﬁ J (a (x) - 1) log a (x) P (dx) = f E (x) log A (x)P (dx) -
o X X
) B, (dx)
‘ = h(E:m) + | oo .P
:) J log as. (x) Pn(dx) h(&:n) j ) log an:E(x) E(dx)
o % X g
')
1~ 2
o = h(g:n) + | a_ .(x) log a_ _(x).P_(dx) = h(£:n) + h(n:E) = J, (I.2.5.18)
Y ng n:g £ 0
K X
@
~': Also
Ny = P +! P =
y J (aE=n(x) + 1) Pn(dx) I ag:n(x) n(dx) [ n(dx)
o~ X X X
p P, (dx)
- f S P (dx) +1 = f P, (dx) + 1 = 2 (I.2.5.19)
ne Pn(dx) n 13
b X X
<%
%‘* From (I.2.4.15) we have
o
- = - I1.2.5.20
o~ [ la,, (x) - 1] P (ax) = [[p, - P[] ( )
::'t:f X :
AN
o
b
o
T e
A .-T Co .': ./'\::,\i
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: With the results (I.2.5.18), (I.2.5.19), (I.2.5.20), the inequality
:E (I.2.5.17) can be written as
. P, -2 |
T || e ~ Pl 2+ (1.2.5.21)
;W and because of (I.2.5.7)
N J0+20
P - = '
k. e, -2 || < 2%, (1.2.5.21")
& i.e. (I.2.5.2).
1)
4 b) Let us consider two random variables Eo,no, both taking the values
f Xy5%, only, with probability given by
" P(x) =P (x,) =% (I4p); P, (x,) =P (x) = = (L)
60 1 o 2 2 0"’ Eo 2 n 1 2 0
h 0
g (1.2.5.22)
e Then P (x.) P (x.)
by EO 1 EO 2
» - e ——————— PUNR. A
p h(EO n ) Pg (x;) log ) + PE (xz) log 3 ©®)
1 0 n 2
x 0 0
K. o,
! =p, log (1.2.5.23)
? 0 1=y
so that
, 1+p
: 3. = 2 log —2 (1.2.5.24)
- 0 0 l-po teee
£ which proves the last statement of the theorem.
br I.2.6. Theorem I.10.
; If £,n are two random vectors and ¢ > 0 arbitrary, then
| 1+c
| P - - I.2.6.1
: Pl ] > &) < llp -2 || 2 1.2.6.1
(
:i with ia.n(x) given by (I.1.8.4).
- Proof. Let
» A= {x; |log a (x)| Ii&'n(x)l > ¢} (1.2.6.2)
Cs
N = . . - -
) Al {x; log aE:n(x) > e}; A2 {x; log a (x) < -¢g}
: So (1.2.6.3)
>
A=4aUA, Aln A, =0 (1.2.6.4)

'
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Because
€ > log (1 +¢) (1.2.6.5)
it follows that

Al = {x; log aE m(x) > e} {x; log aa:n(x) > log (l+e)}=

. = . 1 1 =
{x) aE:n(x) > 1+ 6} {x, a i (X) < l+€} .
g:n J
1 1 1 €
={x;1--——=>1-+}={x;1-—"oc-> —} (I.2.6.6)
ag n (x) l+e 3 .n (x) 14¢ 4
Because (I1.2.6.5) can be written as
e >1+¢ (1.2.6.7)
and
e < = — (1.2.6.7"
Tre .2.6.7")
it follows that
) . —1 31a
A, {x; log agm(x) < -} = {x; € < log o (x)}
h ( 1 € 1
— a {3y ————=> e} C {33 ———>1+c¢}=
. % ) % )
-'\u'
- 1 1 £
. = {x; e > 1 -———1C {x;1- < - } (1.2.6.8)
- aE o (x) aE on (x) 1+

From (I.2.6.4), (I.2.6.6), (1.2.6.8) it follows that

25
SASA
\}-" A=AUA C(x1- 1 >€}U{x;1-—1—-—<-—i}’
_\.-:.; 1 2 aE:n(x) 1+¢ aam(x) 1+¢
~ . 1 €
= l-T® | > 1=K (1.2.6.9)
£:n
-5 From (1.2.6.2), (I.2.6.9) it follows
':\‘.(- -
RJ'.--' :
L Ps{x; lis:n(x)] > ¢} 2P () (1.2.6.10)
r Let
- . - SN = {w- '
;f N = {x; aE:n(x) 0}, X -N-= {x; ag:n(x) # 0}  (1.2.6.11)
;“ so that
WY - -
‘*}}‘- PE(N) i aE:n(x) Pg(dx) 0 (I.2.6.12)
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X 5 - -
AL

Let us denote

K, = K N (X-N) (I.2.6.13)

*

so that

N K= KNNU K, (1.2.6.14)
From (I.2.6.12), (I1.2.6.13), (I.2.6.14) it follows that

:t PE(KO N) =0 (1.2.6.15)

= PE(KI) (I.2.6.15")

'.'_L -
e P, (K) = P, (KOIN) + P, (K))

because from (I.2.6.12) and KC N it follows
1 P, (K) < P(Y) = 0 (1.2.6.12")

Taking into consideration (I.2.6.10), (I.2.6.15') it follows

. IIPE - Pn]] = J Iagzn(x) - ll.Pn(dx) > f ]ag:n(x) - ll.Pn(dx)'
7. X K,

Qi“ PE(dx) 1 €

... = f ’aE3n(X) - ll-w = I ll - -a—g—nm I.Pg(dx) > { :—L:Z.Pﬁ(dx)
A0 Kl 1 Kl

£ £ .
CB (K = s B (R) 2 g . P{x; |ig:n(x)| > ¢} (1.2.6.16)

: S
i) 1+ +e

‘)' i,e. (I.2.6.1).

e

'l

)
FPei)
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I.3. Additivity theorems

I.3.1. Let (Qi,zi,Pi) be a probability space, where Qi is a set of

elements wes I, a og-algebra of subsets of Qi; P, - a probability measure

S i i

R A6 onz, ({=1,2)

"_2?.\‘(’ i ’

‘b(l‘.)

;;'E We consider the random vectors Ei’ Ny (i =1,2), defined on these

Lv probability spaces, with values in the measurable spaces (Xi’si)’ where

PN Xi is a set of elements Xgs Si a g-algebra of subsets of Xi.

Let (,Z) = (Ql,zl) X (92,22) be a measurable space, where Q@ is the set

of elements w = (ml,wz), w, € Ql’ w, € 92, and T = Zl X 22.

-xf? Let P be a probability measure on I with marginals Pi on I, (i=1,2).
35{ So (Q,I,P) is a probability space.
6 We consider the random vectors
—:.:-{
o (€, 1), E50))s  (ny(w))s ny(w,)) (1.3.1.1)
f:{? defined on the probability space (,I,P) with values in the measurable
(
O space (X,S) = (Xl,Sl) X (XZ’SZ)’ where X is the set of elements
[
st
i;, X = (xl’XZ)’ X € Xl’ X, € X2 and S = S1 X Sz.
s Let
AN Psi(Ti) = Pi{wi; g lwp e Ti}’ T, eS8, (1=1,2) (1.3.1.2)
SOAN
N
\‘J‘n, Pn (Ti) = Pi{wi; ni(u)i) € Ti}, Ti € Si (1 = 1,2) (1.3.1-3)
. ™ i
B {L.
A be the probability measures of the random vectors Ei’ni (1 = 1,2) and let
&
'ixf PEI’EZ(T) = P{(ml,mz); (El(wl), Ez(wz)) e T}, Te S (1.3.1.4)
d Pnl’nz(T) = P{(ml.mz); (nl(wl), ”2(“’2)) €T}, Te S (I.3.1.5)
N
't%:' be their joint probability measures.
‘r:.:'-:

Cee .
~ ata



Lemma I.35.

If P is absolutely continuous with respect to P , then
51 %2 "M
a) PE is absolutely continuous with respect to Pn N PE is absolutely
1 1 2
continuous with respect to Pn , and
2
b) PE e (.lxl) is absolutely continuous with respect to Pn ]n (.lxl)
2'"1 21
(P, - a.e).
M
¢) Moreover, if the Radon-Nicodym derivative of PE £ with respect
1°°2
to P is
Npen2 P, , (dx dx.)
5152 1772
a . (x,,x,) =
(6152) : (nan) 1°72 Pnlnz(dxldXZ) (1.3.1 6)

then the Radon-Nicodym derivative of P

with respect to Pn is

€
PE (dxl) 1 1
1
a, _ (x)) =/ = J a . (x,,x,) P (dx, |x,)
L pnl(dxl) ) (46,0t (nyny) 71772 nzlnl 2™
2 (1.3.1.7)
P - a.e.), the Radon-Nicodym derivative of P, with respect to P is
n £, n,
ey 2 (x,,%,) (dx, | x,)
a, _ (x,)) = 07— = J a . X, ,Xa) P dx, |x
g, in, 2 Pnz(dxz) ) (g18,) 2 (nyny) 717727 Py [ny, PTRLIT2
1 (1.3.1.8)
(P. - a.e), and the Radon-Nicodym derivative of P l (.]|x,) with
respect to P (.|xq) is
nylny 1L ey sy Bk Pe_jg (dxylx)
. e k) o 12PN 1!
(5,18 :(nyn) 71072 851‘“1(x1) Pnzlnl(dlexl)
(1.3.1.9)
(P a.e).
M
Proof. From (I.3.1.6) it follows
P (T) = J a . (x,,x,).P (dx,dx,) (1.3.1.10)

T
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so that if T = Tl % XZ’ Tl € Sl’ from Fubrini's theorem it follows that

P, (T,) =P (T, xX) = [ [ a . (%x,,x,) P
g, 1 5162 1 72 (EIEZ).(nlnz) 1727 “n
%

2|n1(dx2|xl)] Pnl(dxl)

- I agl:nl(xl) Pn (dxl) (1.3.1.11)

1
T

where a (x,) is given by (1.3.1.7).
El:nl 1

Similarly, if in (I.3.1.10) we take T = X, x T2, T S it follows in

1 2 € 59

the same way

PE (T2)==P£l€2(x1x TZ) = J { J acglgz):(nlnz)(xl,xz) Pnzlnl (dxllxz)] Pn (dxz)

2 2
T, X
- J ag . (%) P (dx,) (1.3.1.12)
r 2" 2
2
where a, __ (x,) is given by (I.3.1.8).
Ez.nz 2

The relation (I.3.1.10) can be written as

P (dx lx ) P, (dx,) = J a ] (x,,x,) P_ (dx Ix P (dx.)

(I.3.1.13)
and using (I.3.1.7) we can write it as

nl(dlexl)] Pnl(dxl) =0

(p (dx,|x,) a, . (%) - a il (x4,%X,) P
l £,18, 7721717 T n VLT T R(g 8, 1 (n ny) TTL0T2T T, |

(I.3.1.14)
for any set T ¢ S1 x SZ’ so that
P (dx |x )a . (xy) -a . (x,,x,) P (dx lx =20
g8, 2171 g pan T T T(g g0 2 (ngny) LT [y 21T
(1.3.1.15)
(Pn a.e.), Consequently, denoting
! 2(6.£,) 1 (nyn,) K17 %)
a1y (n[my (K10%D) = 1’27 12 (1.3.1.16)
£21812:(nylny a . (x)
E1'm

ey
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2
',f; we obtain

2

e P (dx,|x,) = a . (x4,%,).P (dx.,|xq) (1.3.1.17)
- 6,08 2071 FE, e ) ey [ ) T2 e, I PRI
1

J (Pn a.e.). From (I.3.1.17) it follows

R 1

2? P (T,|x,) = J a . (x,,x,) P (dx,[x,) (1.3.1.18)
- g,le, 21 | (€,]&,) :ny[n)) 10 %27 Ty n P2

; . 9

i? i.e. Pszlgl (.lxl) is absolutely continuous with respect to Pnzlnl(.lxl)
_35 (Pn a.e.), with (I.3.1.16) as the Radon-Nicodym derivative.

\‘:' 1

Y Let us now denote

S

. i, . (xy) =loga  ,_ (x);1i. _ (x,) = log a. __ (x,) (1.3.1.19)
= gyinp 1 £1:ng 1 Eping 2 LU 2
2 i

' (£,8,):(n,n. ) (x,,%,) = log a . (x,,x,) (1.3.1.20)
! 1°2 12 1°72 (5152).(n1n2) 1’72

ff i . (x,,x,) = log a .

, (8,]&) :(ny[n) 102 (5,18 :(nyln) (xy1x)) (1.3.1.21)

Lemma I.6. 1In each of the relations
s a . (x1,%x,) = a, __ (x;). a . (x4,x,) (P_ a.e)
T (1.3.1.22)
\.‘
i . (x4,%x,) =4, _ (x,) + 1 . (xy,x,) (P_ a.e)

' (18,01 (nyn,) 712727 = T en, (B,lEp) s (ny[n) 710727 Py

- (1.3.1.23)
’ if two of the quantities are finite, then the third one is also finite
e and the relation is verified.

fﬁ In the case that the random vectors 51’“1 are independent, and the

f: random vectors £,sn, are also independent, the relations (I1.3.1.22),

. (1.3.1.23) take the simplified form

'E a . (Xq,%,) = a, . (x,) . a  __ (x,) (1.3.1.22")
£ (8,8,) s (nyn) F1%2) = 2 in (1) - B 1 (2

’ 1 . (xyox,) = 1 (x) + 1. . (x,) (I.3.1.23")
¢ (,8) :(nyny) F1o¥2? = g on ) T g i T2

;g

i

-:

@
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Proof. The equality (I.3.1.22) follows from (I.3.1.9) and (1.3.1.23)

follows from (I.3.1.22), taking into comsideration (I1.3.1.20), (I.3.1.21),
The relations (1.3.1.22'), (1.3.1.23') follow from the relations
(1.3.1.22), (1.3.1.23), taking into consideration that in the conditions

of independence indicated in the Lemma,

= a (xz) (1.3.1.24)

3e,le ) (nyln ) 1% = B o

1(52‘51):<n2‘n1)(x1,x2) = 152:n2 (xz) (1.3.1.25)
Let
hlE,|x):(n,]x)] = I a ) (x,,%,) log a . (%, ,%,)P
2P T €,l8):(ny[np 1772 €,1&):(ny[n ) 12727 0, [ng
2

. (dlexl)
(1.3.1.26)
h[(g,1E)) 1 (ny[n )] = f BIGE, %)) s (nylx))] Py (axy) (1.3.1.27)
X
This is the relative conditional entropy of the ordered pair of random
vectors 51,62 with respect to the ordered pair of random vectors NysNye
Lemma I.7.
a) If two of the three quantities in the relation
h{(8,) 1 (nyny)] = (g tn,) + hICE,]E ) (ny]ny)] (1.3.1.28)
are finite, then the third one is also finite and they verify
this relation.
b) In the particular case where 51’52 are independent and nl,n2 are
independent, the relation (I.3.1.28) takes the simplified form
. = N . [
h[(E,5,):(nyny)] = h(E :ny) + h(E,:n,) (1.3.1.28")
Proof. Because of (I.3.1.22), we obtain
a . (x,,x,) log a . (x,,%x,) = [a, . (x;) log a, ., (x,)]

) log a )(xl,xz)]

"3, |5 )y I FUF2 F B ey i, In) B (&, e (nylny

(xl) (1.3.1.29)

ey
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B
A and we take the integrals of both members on P - measure over X, x X_,
B N2 12
s;ﬂ From (I1.3.1.26), (I.3.1.27) it is seen that the integral of the left
{ hand sidg is h[(€1€2):(nln2)]-
- Let us consider now the integral of the first term of the right hand side.
'ﬂf We obtain from Fubini's theorem and from (I.3.1.9)
‘ |
S (a, . (x,) loga, . (x,)] a . (x,,%x,) P (dx,dx,) =
[ R L T A (N | D EXCPY L PP R S AL T, PR A
B 1 %2
20 Pe Ig (dx,| %))
0 _ 2'°1 © _
o J [a§1=ﬂ1(x1) log ail”u(xl)] P (dx,[x%,) ° Pa I'n (dx2lxl)'Pn (dxp) =
n,|n 2' "1 20" 1
. X, xX 211
Sy 172
tif = a, . (x,) loga  __ (x,).P_ (dx,). f P (dx.,|%,) =
J SEUNE gyimp Vgt gpley 21
L. Xy
. - ]
:*i = aE o (xl) log ag n (xl)'Pn (dxl) = h(El.nl)- (r.3.1.29")
~ 1''1 11 1
N X
-. l
:f: Let us consider now the integral of the second term of the right hand
\ P side. We obtain from Fubini's theorem and (I.3.1.7), taking in
. consideration (1.3.1.26), (1.3.1.27), that
r
- [a . (x,,%x,) log a ] (xy5%,)]a, ., (x,) P (dx.,dx,) =
: JoRE, ey In) 02 (€,]E) 1 (n,yln ) 717727 % on) P71 Fngn, L2
X.xX
12 P, (dx;)
. g 1
- (B ee. ey (n, [ %2 198 3 (e 5o (o) S0 ] Fo@y
J 8218102 nainy 216173 (nyimy n, 1
X*%)
\ 2 |
2 *P (dx,lx,) P (dx)=
- nalny 2077 Ty L
= P, (dx,) [ (a . (x,,%,) log a ) (%,,%,)] P (dx,|x,) =
. J & 1 (EZIEI).(nzlnl) 172 (Ezlil)-(nzlnl) 1°72 nénl 2'71
- X X
Y 1 2
- - ) _ ) .
o %
.[ which proves our Lemma I.7 part (a). Part (b) follows from part (a)

o

. f
eh N

taking into consideration (I.3.1.25).

1-<
’.
.
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I.3.2, Let: (Qi,zi) be a measurable space and (Qi,zi,Pi) a probability

space, where Qi is a set of elements wys Iy @ cg-algebra of subsets of

i

Q;, P, a probability measure on I, (1L <1 <n).

We consider the random vectors Ei,n defined on this probability space

i’
with values in the measureable space (Xi,Si) where xi is a set of

elements Xy S. a g-algebra of subsets of Xi (1<1i<n). Let

i
A C{1,2,...,n}, (1.3.2.1)
and

(QA,ZA) = X (Qi,zi)

ieA
be a measurable space, where QA is the set of elements w, = {mi, ie A}
and £, = X I,.
A ieA 1
In the particualr case where A = {1,2,...k}, we derote w, = m(k),

A

Q, = Q(k), XA = Z(k) (1< k<n). Let P, be a probability measure on

ZA with marginals P, (1 e A). So (QA,Z ,PA) is a probability space.

A
We consider the random vectors EA(mA), nA(wA) given on the probability

space (QA, EA’ PA) by
Ealw,) = {g,w); Le A}; nA(mA) = {ni(wi); ie A} (I.3.2.2)
with values in the measurable space (X,,S,) = X (X,,S,) where
A’TA icA 1i°71

x, = {xi, i ¢ A}, with X, € Xi (1 € A), are elements of XA and SA = 1§A 817
If A={1,2,...,k}, then we denote X, = x(k), XA = X(k), EA = E(k),

2 (K
ﬂA n .
Let
PEi(Ti) =P lo; 8,w)eT}, T es, (1<ic<n) (1.3.2.3)
Pni(Ti) =P lug ng(wy) e T}, T, e 8 (1 <1ic<n) (1.3.2.3")

be the probability measures of the random vectors Ei,ni (1 <1i<n)

A

AT

.i;:{?‘m N R AR .' ”:' R
1y »
B B

PRI .
T s AT
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tn e et

X

a



and let

Pg (TA) = PA{wA; EA(wA) € TA}, TAe S (1.3.2.4)

A

= . L
PnA(TA) PA{mA, nA(mA) €T, » T €8, (1.2.3.4Y)

A

Lemma I.8.

If P (n) is absolutely continuous with respect to P (n) and the Radon-~
g n

Nicodym derivative of P with respect to P is
g(n) - (dx(n))n(n)
a (n) (n)(x(n)) = E(n) (n) ’ (1.2-3.5)
£ 7:n Pn(n)(dx )

then we will prove the following:
(a) for any A C {1,2,...,n}, the probabili:y measure PEA is absolutely
continuous with respect to P"A and the Radon-Nicodym derivative of P
with respect to PnA is given by the relation

(xA) = [ a
Y

4

a (n)).P
n=in

| (dx |x ) (1.3.2.6)
Al'A A A

E,.:n (n):n(n) (x

A A 13

where P is a conditional marginal measure of P (n)’ and
n

KI“A
K = {l,z,ono,n} - Ao

(b) for any A, C {1,2,...,n}, 4,C{1,2,...,n}, A1(\ A, = @, the probability
measure

) (1.3.2.7)

(.(xA1

P

£y I8
Ay Th
(conditional marginal measure of P (n)) is absolutely continuous with
€

respect to the probability measure

P C.lx, ) (1.2.3.7")

(conditional marginal measure of P (n)) and the corresponding Radon-
n

......................

A D S R ST S ST
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a Nicodym derivative is a

(x )
p g :n A A
““: . U L) - AU MU A 1U % .
ne (EAZIEAI):(nAZInAl) AU a, R
EAl.nAl A1

a

v P
\32 } EAZIEAl(dxAZIxAl)

3
‘. % Pn B (dxA IxA 3 (PAla.e.) (1.3.2.8)
o AZ Al 2 1
»,

"‘ Proof.
1N —_—
1N
{"‘f (a) Let us consider the result (a) in Lemma I.9 for
.:{ [ " o e n' = ne ' =
»__‘-,_y where A C {1,2,...,n}, A = {1,2,...,n} - A. In this case
1 ;\
0\
- P.y,y = P s P, , = P (1.3.2.10)
iy £1%5 g (n) nin, n(n)
®
;:.':. and because Pg (n) is absolutely continuous with respect to Pn (n)’ it
é: . follows that PE is absolutely continuous with respect to Pn . The

0 A A

‘* relation (I.3.2.6) follows from (I.3.1.7).

:.': (b) Let Al,Az be two mutually exclusive subsets of {1,2,...,n} so that

'L" AU A2 is also a subset of the same, so from part (a) above it follows
""': that PE is absolutely continuous with respect to Pn .

;) 40 4 : 6LUY

;‘ Let

::' E' = E L, E'=E ;nl=n, ,nl=n (r1.3,2.11)
Kl 1 Al 2 A, 1 A1 2 A2

Lo so that

N P = P , P =P (1.3.2.12)
o £, & g n, n n

o ATl TAUS A4 4U Y

T

0 . From Lemma I.9(b) it follows that

1IN .

. . 1.3.2.13
bt PE IgA ( xAl) ( )
- Ay Th
- is absolutely continuous with respect to
N , P Clx, ). | (1.3.2.13")
o ny Ing 4

Vol 2 "1

R :

2:':‘ The relation (I.3.2.8) follows from (I1.3.1.9)
£=

Yok

"‘::' The Lemma is proved,
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In what follows we will be particularly interested in the case where
k-1)
= {kl, = {1,2,...,k-1} (1 < k < n) so that & -E( , & £
Ay A A Ay = 7y
From Lemma I.8, it follows that
P (.| x&1),y (1.3.2.14)
g gD
k
is absolutely continuous with respect to
P (=1 (1.3.2.14")
n In(k-l)
k
(p (k=1) ~ a.e.) and the corresponding Radon-Nicodym derivative is
n (k-1)
P (dx, |x )
(k) g, [k Tk
a (k-1) (k-1),(x"™) k
¢, le ):(n, |n ) =
k k P (dx ]x(k-l))
I (k-1) k
Mgl M (1.3.2.15)
Let
(n) (n)
i (x*’) = log a (x*) (r.3.2.16)
g(n)m(n) E(n)m(n)

i(EkIEk_l):(nk[nk_l)(xk-l’xk) = log ECA LD R LML Grye_1 %)

(1.3.2.17)
i, . (x,) = log a, ,_ (x,) (1.3.2.18)
€M k BN k
(k)
i _ 1y (x777) = log a - -
(Ekli(k 1)):(nkln(k Dy (EklE(k l)):(nkln(k l))(x(k))
(r.3.2.19)
Lemma 1.9,
(a) In each of the relations
(), _ ° , _ _ (k) 3
ag(n):n(n)(x ) -k:l (gklg(k 1)):(nk|n(k 1))(x ) (I. .2.20)
(n) ¢ (k)
i (x)y = 7 4 ) (1.2.3.21)
E(n):n(n) k=l (Eklg(k-l)):(nkln<k-l))

if n of the quantities are finite, then the n+l - th is also finite and

the relation is satisfied.
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(b) In the case the random vectors &, (1 <1 <n) form a simple Markov
chain, and the random vectors ny (1 <1 <n) form a simple Markov

chain, the relations (I1.3.2.20), (I.3.2.21) take the simplified form

(n) o
a (x*77) = T a . ( ) (1.3.2.20")
(@, @ =1 EqlEp )i n ) Xp-1"*k
(n) v
i = .3.2.21"
(@, @) L e, i fn ) Tl (1.3.2.219

(¢) In the case the random vectors Ei(l < 1 < n) are independent in their
totality and the random vectors ng (1 < i < n) are independent in their

totality, the relations (I1.3.2.20), (I.3.2.21) take the simplified form

(n) n
a )= 7 a. | (x) (1.3.2.20"")
g™ () el ckiM K
(@, _ ¥} '
iE(n):n(n)(x ) kzl igk:nk(xk) (1.3.2.21'")
Proof.
(a) From the identity (k-1)
(n) P (k—l)(dxklx )
P, (dx"’) £ |g
gt ; -k (1.3.2.22)
@ = L (&-1) I.3.2.
P (dx"") k=1 P (dx, |x )
() n In(k-l) k
k

taking into consideration (I.3.2.5), (I.3.2.15) follows (I.3.2.20).
From (I.3.2.20), taking into consideration (1.3.2.16), (1.3.2.19)
follows (I.3.2.21).

(b) In the conditions of markovian dependence indicated in the Lemma,

o (k)
:‘_-_ a - _ (x ) = a . (x - » X )
o (Ekla(k 1))=<nkln(k D, (Bl sty In ) k-1
0 (1.3.2.23)
Ly
> (k)
i (x ) = ] (x X )
5 (k-1) (k-1) &, ]g, Dl dn, ) Tk-1""k
T € ey In T k7k=17" Tk k1 (1.3.2.26)
T
,:%{' Consequently the relations (I.3.2.20), (I.3.2.21) take the form
jiﬁ‘ (1.3.2.20"), (I.3.2.21").
A
s
N,
o8
LIS
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(c) In the conditions of independence indicated in the Lemma

(k)
a _ qy (X)) =a,  (x,) (r.3.2.23")
& ey [n D) St K
W
1 Gy = ) (1.3.2.24")
&[5y i, InED) Sk

Consequently the relations (1.3.2.20), (I1.3.2.21) take the form
(1.3.2.20""), (1.3.2.21'").

The Lemma is proved.

Let

e, | x5 Dy, [x D)y
k k

J (k) (k)
= a (x*77) log a x*)
(k-1), . (k-1) (k-1), . (k-1) .
X € et [In ) € e " [T
. (k-1)
P | (k_l)(dxk[x ) (1.3.2.25)
nk n
(k-1 (k-1)
miGE, ey, [n D))
AN = (k-1),. (k-1) (k-1) ,
‘:iﬁi = f h[(Eklx )-(nklx )] Ps(k-l)(dx ) (1I.3.2.25")
) x(k—l)
p Lemma I.10.
o (a) If n of the n + 1 quantities In the relation
e 0 ) ]
o ne @™y = T ol e )i [n %)) (1.3.2.26)
P ) k=1
o
.A’ are finite, then the n + 1 - th one is finite also and the relation
1-_1:.
A is satisfied.
oy
’fri (b) In the case the random vectors Ei (1 <1i<n) form a simple Markov
h:'(' -
<ﬁ chain, and the random vectors ny 1 f_i'f_n) form a simple Markov chain,
AN
ﬂ?fj the relation (I.3.2.26) takes the simplified form
P he® ™y o T nice e, it ng (1.3.2.26")
b ' =1 k' Pk-17" k! k-1 T

- '-.\‘\:*‘"\""‘u ;\:\_: R e e . e T et Tt
S NN R S T e RN
NG ', —




:\!‘: 58
§ gat
:»ja-_' (c) In the case the random vectors £y (1 < 1 < n) are independent in their
'y
'»"‘F: totality, and the random vectors ny (1 < i < n) are independent in
f‘ -9 their totality, the relation (I.3.2.26) takes the simplified form
g n
- 0s he™ @™y 2 3 LIGHEL ) (1.3.2.26"")
-'_u.“ k=1
t.}:
:&.::s Here we denoted
)
) 0),. 0)y, = )
5., R [E7 D) In"")] = hE ) (1.3.2.27)
2
- . = . '
X W€, [Eg) sy ngd] = h(E ny) (I.3.2.27")
Ak
e Proof. From Lemma I.12(b) with Al ={1,2,...,k}, A2=Bk={k,k+l,...,n},
[d it follows that if P () is absolutely continuous with respect to
B8 3
(. > P then,
SO n® P D =D, (1.3.2.28)
S £g |2
o k
:-t}_\ is absolutely continuous with respect to
n
S -
< P (&1, (1.3.2.28")
e (k-1)
0,7 nB In
k
::::‘_' for (k = 2,3,...,n). Let now
AL
ANK
ol El =E 3 E)=¢ ;NI =n.;nl=n ; B, = {k,...,n} (1.3.2.29)
S I A S U A N
L) A So
AN
foRs trt o IO B,
A Elgz EB ’ n1n2 nB (I.3.2.30)
T k k
I
s and consequently from (I1.3.1.28) it follows
®
-~ - - k-1 k-1
niee, 16y n® )1 = nie, e ® )i, [0y,
B v . B B k k
~:\.;_ k k
-
wh +ul, 6oy, ™)1 @ckcnD (1.3.2.31)
k+1 k+1
\;v_ so that
# '.'-' n-l n"l
e - k-1 (k-1 k-1
I nieg 6% Dy 012 T nie, e i n iy
N k=1 k k k=1
.4.‘:\.: n-1
o + 1 hiG, li(k))=(nB In(y) (1.3.2.32)
-7 k=1 k+1l k+1
e

AR
AA A

)




SIS T

ea

-

. -',I‘,l‘_l’."_n ‘r. ‘. 2 P

WY

v v 1 D
.

(b)

(c)

where

gy =& 0y =™ (1.3.2.33)
From (I.3.2.32) follows (I1.3.2.26).
In the conditions of markovian dependence indicated in the Lemma, the
relations (I.3.2.23), (I.3.2.24)are satisfied and this implies

(k=1)y . ¢

(L n nE 1 = ni le, Dty ln D1 (1.3.2.36)

so that (I.3.2.26) takes the form (I.3.2.26').
In the condition,independence indicated in the Lemmaof the relatioms

(1.3.2.23"), (I.3.2.24') are satisfied and this implies
k-1 k-1
nlE e i In® )1 = mee an) (1.3.2.35)

so that (I.3.2.26) takes the form (I.3.2.26'').
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I.4. An extension

5

{ # I.4.1. Let &,n,z, be three random vectors, with the same values Xg»

0 and let
7 Po(x) =PE=x);5 P (x) =Pn=xy); P (x;)=P(t=x) (1 <1z<n)
5 (I.4.1.1)

In analogy to (I.1.1.2), the relative entropy of § with respect to n

?2 from the point of view of r (or of PE with respect to Pn from the
13 point of view of PC)iS given by the expression
“y
e n P, (x;)
o h(g :n; = h(P_:P_;P = P log ==~ I.4.1.
(€ :n32) ( £y C) iZ]_ C(xi) og Pn(xi) (1.4 2)

where for a > 0 we consider 0 log §-= 0.

I.4.2 Now let (2,Z,P) be a probability space, where Q is a set of
elements w, I a o-algebra of subsets of @, P a probability measure on I.
We consider three random vectors £,n,Z, defined on this probability
space, with values in the measure space (X,S,u), where X is a set of
elements x, S a o-algebra of subsets of X, y - a measure on S.

Let

Pg(T)nP{w; E(w)e T}; Pn(T)=P{w; n(w) e T}; PC(T)=P{w; Z(w)eT}, Te S
(1.4.2.1)

be their probability measures.

PR
Lo

With aE n(x) defined in (I.1.8.2) and iE'n(x) defined in (I.1.8.4), in

r

1
0
Lo

A
L .

analogy to (I.1.8.3), we define the quantity

byl
o tnig) = | i .P_(d 1.4.2.2
e, h(g:n:zg) I £ o %) - (d%) ( )
b
A X
;‘ as the relative entropy of £ with respect to n from the point of view

of z.

In the particular case that the probability measures P P“, P_ are

g’ 4
defined in terms of densities ns(x), wn(x), n;(x), with respect to a

measure u, the integral formula (I.4.2.2) reduces to

To(x)
h(E:n;T) = f m.(x) log ;5—- dx (1.4.2.3)
n(x)
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where the integration is on u - measure. Obviously, if £ = £, the
expression (I.4.1.2) reduces (I.1.1.2), the expression (I.4.2.2)

reduces to (I1.1.8.3) and (I.4.2.3) reduces to (I.1.8.5), i.e.
h(€:n;g) = h(E:n) (I.4.2.4)

In analogy with (I.3.1.26) we define the quantity

X 2'>1 2'71 2'°1
2 (1.4.2.5)
and in analogy with (I.3.1.27) we define the quantity

I, l6): ()i, [ = f BRI, %)) (n,lx ) s (2, lx))] P (%)

X
1 (1.4.2.6)

This quantity is the relative conditional entropy of the ordered pair of
random vectors El,Ez with respect to the ordered pair of random vectors
nl,n2 from the point of view of cl,cz.

Lemma I.11.

(a) If two of the three quantities in the relation

h[(g18,):(nyn,y)3 (8 2,01 = h(E in 58,) + h[(Ezlil):(nzlnl);(czlcl)]

(1.4.2.7)
are finite, then the third one is also finite and they verify this
relation.

(b) In the particular case where 51,52 are independent, and n,,n, are

1’2
independent, the relation (I.4.2.7) takes the simplified form

h[(€l€2):(n1n2);(clc2)] = h(Elznl;cl) + h(EZ:nZ;cZ) (1.4.2.7")

Proof. Integrating both sides of relation (I.3.1.23) on Pc . (dxl,dxz)
172

o - - 'Y "'c:; P VY 'j ,‘w."_'. ~'-\-"._.'-_.." T A S POy A \‘ R A
- " w | A SRR LS, ORI RN
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3

AL 3

.
o

e
0

R .

4, Mty e

P R
S8l

(3

&L,
[ 4

PR
.

(]
rﬂl’,

-
Y,

R
N8 Ny

ga.n
@

62

it follows from Fubini's theorem that

X, «X
1 72
L iEl=ﬂfx1) Pcl(dxl) J PCZICl(dlexl) +

1 )

£1%2

IP;l(dxl) J i(Ezlgl):(nzlnl)(xl,xz) PCZICl(dlexl) (I1.4.2.8) 3

X ) -
Taking into consideration (I.4.2.2), (I.4.2.5), (I.4.2.6) we obtain

(I.4.2.7). Taking into consideration (I1.3.1.25), from (I.4.2.7)

follows (I.4.2.7").

I.4.3. 1In what follows, we will use the concepts and notations in I.3.2.

Similar to the random vectors gi’ni’ we consider the random vectors Ci’

defined on the same space (Qi,Zi,Pi) and with values in the same

measurable space (Xi,Si) (1 <1i<n)., Similar to the random vectors

EA(mA), nA(mA), we consider the random vector

;A(wA) = {ci(mi), ie A} (1.4.3.1)

defined on the same space (Q PA) and with the values in the same

A’ZA’
measurable space (X ’SA)'

If A = {1,2,...,k}, let ta = C(k)-

Similar to Pg (Ti)’ Pn (Ti) in (1.3.2.3), (I.3.2.3'), we define

i i

Pci(Ti) = Pi{mi; ;i(wi) € Ti}’ T, € 84y (1gizgn) (1.4.3.2)

as the probability measure of the random vector [, (1 <i<n)and

similar to P, (T,), P_ (T,) in (I.3.2.4), (I.3.2.4') we define
E, A nAA

A

PCA(Ti) = PA{wA; ;A(mA) € TA}, TA € SA (1.4.3.3)
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g

,.» Similar to (I.3.2.14), (I.3.2.14'), the measure

ig C|x (k-1)

e ‘k“(k- ) (1.4.3.4)
-~ is a conditional marginal measure from P ()"

¥ 14

f Let

w (k-1), . (k-1) (k-1)

}J . W, |x ):(n, [x )iz, [x ) =

A

N

K.,

ot

?

(k-1), . (k-1) k-1)

‘ miG ey n Py e -

L~

_ _ _ _

= = h[(Eklx(k 1)):(nklx(k l));(Cklx(k l))] P (k~1) (dx(k 1))

Y g

v X(k‘l) (1.4.3-5)
@

Lemma I.12.

- ~emma ~..<.

p

: (a) If n of the n + 1 quantities in the relation

My

¢ k- -

' n(g @ i @,y o Z hi(g k(kl))(nl ( l)n(clc(kl)n (I.4.36)

k=1 k k k
are finite, then the n+1 -th one is finite also and the relation is
- satisfied.
(b) In the case the random vectors £, (1 <1i<n) form a simple Markov

?: chain, and the random vectors ni (1 <1< n) form a simple Markov chain,
the relation (I.4.3.6) takes the simplified form

[

A (n), (n), (n) '
= h(E™ 50 ) = kzl niGE e, DI st le, (1.4.3.6")
:::j (c) In the case the random vectors gi(l < i1 < n) are independent in their
S

. totality, and the random vectors ny (L <1 <n) are also independent in their
.“‘

~) totality, the relation (I.4.3.6) takes the simplified form

5

l: n

1 he ™™™y o 7 nE sz (1.4.3.6"")
‘,.' k k k

d k=1

W 0),. (0),, (0)yq . . .

", = (g, :ny38).
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Proof.

Integrating both sides of (I.3.2.21) on P (n)(dx(n)), it follows from
g
Fubini's theorem that if B, = {k+l,...,n}

(m), (n) _(n), _ (n) (n), _
h[g N H ] f( ) is (n) :n(n) (x )-P; (n) (dx )—
n
X

i‘ j (k) (k) (k)

i (x ) P (dx ) P (dx_ ) x ) =
L (k-1), . (k-1) (k) [ z B
k=1 L0 (&kle ).(nkln ) 4 X, B, Kk

k

f J (k) (k)

i (x*).p (dx 7)) =
.t (k-1), . (k-1) (k)
k=1 (0 (ekls )-(nkln ) 4
n
R (A A TG LR PR AU (1.4.3.7)
k=1

In the conditions of markovian dependence indicated in the Lemma, the

relations (1.3.2.23), (I.3.2.24) are satisfied and this implies

(k-1). (k-1 | (k-1),, _ _ _
h[ (.E]( Ig ) . ( nlcl n ) b ( C](l C ) ] = l‘1[ ( al(l El("]_) . ( nlcl n]("]_) b ( CI(' CI("].) ] ’
so that (I.4.3.6) takes the form (I.4.3.6'). (I.4.3.8)
In the conditions of independence indicated in the Lemma, the relations

(1.3.2.23"), (1.3.2.24') are satisfied and this implies

aCE e i 15 18 D)) w neg engs ) (1.4.39)

so that (1.4.3.6) takes the form (I.4.3.6'').
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ﬁS& I.5. Comments
_;Eﬁ Lemma I.1 - is a known result (See [9] page 17, Ex. 3.2) proved here
g with typical elementary means. The Author has not seen this
;ig proof elsewhere. 1In [9] it is proved in a complicated way
}i; and in [1] in a most complicated way.
;‘2 . Lemma I.2 - belongs to the Author; the proof uses the method used in
tﬁ [3], page 203 in a particular case.
:&5 Lemma I.3 - In the case r = 2, part a) is proved in [l]. For r > 2
; “ part a) and part b) together with the proofs belong to the
:“j Author.
gﬁ Theorem I.3 - is presented in [1l] without proof, references being made
\;? to a particular case in [l1]. Our proof follows A. Feinstein's
3;? remarks to Ch. 2 in [11], with many additions and clarifications.

Theorem I.4 - is presented in [11] without proof. The proof given here

belongs to the author.

;f: Theorem I.4' - belongs to the Author,

;Sgg Lemma I.5 - belongs to the Author.

A

I Lemma I.6 - belongs to the Author,

'fi Lemma I.7 - belongs to the Author.

ffl Theorem I.7 - is presented in [11] without proof; this proof belongs to
;é‘ the Author.

.‘.,

:Q: Theorem 1.6 - belongs to the Author.

'i§ Theorem 1.7 - can be found in [11], but the proof has been partially
AL

s& changed for the sake of clarity.

:;i Theorem 1.8 - Part a) can be found in [8]. While following the proof
EE; of a) in [8], the Author changed the order of presentation
:35 for the sake of clarity. Part b) represents an amelioration

of a statement in [8], and it belongs to the Author, even

that methods from [8] are used.
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z
“Qf Theorem 1.9 - while following the proof in [8], the Author changed the
N9
‘%{: order of presentation for the sake of clarity.
cov Theorem I.10 - follows [8], with some clarifications in the proof.
"
Sak Lemma I.5 - belongs to the Author.
b 'I_w‘._‘.
::} Lemma I.6 - belongs to the Author.
> ‘.'-: .
e Lemma I.7 - belongs to the Author. See also [12]. _
)
o Lemma I.8 - belongs to the Author. §
3;{: Lemma I.9 - belongs to the Author.
B
Ak Lemma I.10 - belongs to the Author.
F Lemma I.11 - belongs to the Author. See also [15].

Lemma I.12 - belongs to the Author.
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